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Abstract
We reconsider the two-point string scattering amplitudes of massless Neveu-Schwarz–Neveu-
Schwarz states of Type IIB orientifold superstring theory on the disk and projective plane in
ten dimensions and analyse its α′ expansion. We also discuss the unoriented Type IIB theory
on T 6/Z2 × Z2 where two-point string scattering amplitudes of the complex Kähler moduli and
complex structures of the untwisted sector are computed on the disk and projective plane. New
results are obtained together with known ones. Finally, we compare string scattering amplitudes
results at α′2-order with the (curvature)2 terms in the low energy effective action of D-branes and
Ω-planes in both cases.
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1 Introduction
Perturbative string theories are characterised by a genus expansion controlled by the string coupling,
gs = e
〈Φ〉. This expansion in worldsheet topologies where vertex operators are inserted allows to
calculate n-point string scattering amplitudes at a given perturbative level. When strings propagates
in a non-trivial background, the worldsheet action describes an interacting 2d field theory that usually
is not exactly solvable, but can be explored perturbatively as an expansion in powers of α′, i.e. as an
expansion in derivatives. For each fixed worldsheet topology, string scattering amplitudes encompass
an infinite series in powers of α′, corresponding to terms of increasing order in momenta that lead to
an infinite tower of higher and higher derivative terms in the Low Energy Effective Action (LEEA).
This double perturbative expansion can be exploited to investigate possible corrections to the LEEA.
On the other hand, corrections to the LEEA can be induced not only by the inclusion of the “physical”
D-branes and Ω-planes, but also in the non-perturbative regime by worldsheet instantons and D-branes
instantons.
D-branes are extended objects [1] to which R-R p-forms can couple 3 and also where open strings can
end, i.e. the loci where gauge groups in the sense of quantum field theory appear. Ω-planes, instead,
are objects typical of unoriented string theory, in the sense that, when the orientifold projection Ω
(worldsheet parity operator) is performed, part of the original spectrum is truncated since only states
that are invariant under the exchange of left movers with right movers survive. Type-I string theory
is the result of the Ω-gauging of Type IIB. However, when compactification schemes and T-duality
are taken into account, more general orientifold projections can be performed (as discussed below),
producing Type II orientifold (or open descendant) models [2, 3, 4, 5, 6, 7, 8, 9, 10] (see for a review
[11, 12, 14, 13]).
3 The NS-NS 2-form, which is common to all the string theories, is in general coupled to the fundamental string F1.
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As anticipated worldsheet instantons are non-perturbative in α′ expansion but perturbative in gs since
they can appear at tree level in the gs expansion. In particular they appear in four dimensional as
string vacuum configurations when closed string worldsheets wraps non-trivial 2-cycles of the internal
compactification manifold [15]. On the other hand, objects that are non-perturbative in gs, such a
D-branes instantons (or ED-branes) and NS5-branes instantons, can wrap different non-trivial cycles
which characterised the geometry of the internal compactified space [37, 38, 48].
Compactification is a necessary step that one has to take in order to make contact with four dimen-
sional physics starting from theories with extra dimensions. The role of the compactification process
and the structure of the internal geometry enters not only in the study of non-perturbative contribu-
tions to the LEEA as we will discuss. In the LEEA only massless fields are taken as starting point in
the construction of the field configuration that solves the e.o.m. of the effective theory. The standard
assumption about the overall space-time geometry is that it can be factorised into a four dimensional
Minkowskian geometry,M4, times a six dimensional compact manifold, X6, where the specific proper-
ties of the latter affect in a non-trivial way the four dimensional physics. The simplest internal manifold
that one can consider is a T 6-torus, which is a generalisation of the Kaluza-Klein compactification on
a circle [16]. It falls in the class of toroidal compactification. The main problem with this kind of
compactification is the too large amount of supersymmetry in four-dimensions. One gets, in fact, the
maximal N = 8 (in Type II) and N = 4 (in Heterotic and Type-I), because all the initial supercharges
are conserved. Going ahead with this purely geometrical point of view, where only the internal metric
is non-trivial yet constant and all the other fields vanish, promising compactified models with less
supersymmetry in four-dimensions are provided by Calabi-Yau manifolds [17]. In fact, a CY3 internal
manifold admits a Ricci-flat Kähler metric [18, 19] thus satisfying the Einstein equations in vacuum.
CY compactifications preserve one quarter of the supersymmetries of the initial ten dimensional string
models. As a result, the field content can be organised in N = 2 supermultiplets (Type II string) or
N = 1 supermultiplets (Heterotic string).
Compactifications produce a rather large number of light neutral scalar fields (experimentally un-
observed up to now) called moduli fields. Their role is to parametrise the size and shape of the
compactification manifold X6 or the position of the D-branes. Moreover their vev’s directly affect
several parameters of the four dimensional EA like gauge couplings and masses. The main difference
between Heterotic and Type II compactifications is the origin of moduli, namely whether they come
from NS-NS states only (Heterotic) or there is a mixing with the RR part (Type II). In the context of
CY compactifications the origin of the moduli fields gives constraints on the moduli space geometry
which characterises the kinetic terms for the moduli (at tree level). The moduli space for Type II
theories on CY3 is a direct product space [21, 37]
M = Q× SK (1.1)
where SK a special Kähler manifold and Q a quaternionic manifold. The special Kähler manifold
SK describes only geometric moduli fields (moduli coming from NS-NS states) which fall into vector
multiplets of N = 2 supersymmetry. While, the quaternionic manifold Q contains both geometric
and non-geometric moduli (coming from RR states) and the universal dilaton, all collected in hyper-
multiples. The number of these N = 2 supermultiplets dictates the complex or real dimension of
the corresponding manifold, namely h2,1 (h1,1) complex dimension for SK manifold in Type IIB(A),
4(h1,1+1) (4(h2,1+1)) real dimension for Q Type IIB(A), where h1,1 and h2,1 are the non-trivial Hodge
numbers of the Calabi-Yau threefolds, related to the Kähler moduli and the complex structure moduli
respectively. In both Type II theories SK vector multiplet moduli space doesn’t receive any kinds of gs
corrections, as it is exact at string tree level. In Type IIB this moduli space is also exact, at tree level,
in the α′ expansion 4. On the other hand the hypermultiplet moduli space Q, receives perturbative and
non-perturbative string corrections. Perturbative gs corrections, like worldsheet instantons wrapping
two-cycles in the CY manifold, enter in Type IIA. While non-perturbative D-brane and NS-brane in-
stantons wrapping supersymmetric cycles 5 inside the CY , enter both Type II theories. More precisely
ED(-1), ED1, ED3, ED5 and ENS5 brane instantons enter in Type IIB, while ENS5 and ED2 brane
4 In Type IIA some α′ string effects can shape the SK moduli space as dictated by classical geometry.
5 All the even-cycles are supersymmetric while, among odd-cycles, only 3-cycles are.
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instantons in Type IIA. Something special happens for fixed values of non-geometric moduli, when
they become non dynamical fields. The reason is that the quaternionic manifold Q can be written as
the direct product
Q ∼ SU(1, 1)
U(1)
× SˆK (1.2)
with SˆK a special Kähler manifold describing only the h1,1(h2,1) hypermultiplets that contain the geo-
metric moduli and SU(1, 1)/U(1) the moduli space of the universal complex axion-dilaton hypermulti-
plet of Type IIB(A) [21, 22]. In the case where geometric moduli are fixed, the resulting moduli space
for the axion-dilaton and the non-geometrical moduli would be SU(1, h1,1 + 2)/(U(1)× SU(h1,1 + 2))
with h1,1 (h2,1) the number of these hypermultiplets in Type IIB (Type IIA) [21, 22].
From the string point of view this kind of compactifications can be used as a reliable four dimensional
approximation of the ten dimensional supergravity theory, when only the tree-level term in the α′-
expansion is retained, i.e. in the large volume regime where the R length scale which characterises
the size of CY manifold is large. This because, as we said, in the presence of a non trivial curved
background, the 2d-field theory becomes an interacting theory. In this situation one loses the powerful
tools represented by the vertex operator formulation of the free 2d-CFT, two-point functions definition
that are fundamental for the construction of a four dimensional effective field theories by a string S-
matrix approach. Compactifications suitable for an S-matrix approach are, for instance, the Toroidal
orbifolds 6. Essentially they are the result of the quotient of a toroidal background, T d, under the
action of some discrete group of isometries (orbifold group). Examples are
X6 =
T 6
ZN
, X6 =
T 6
ZN × ZM (1.3)
These quotients act identifying some points and leaving fixed others on the six-torus T 6 lattice. At
the fixed points, orbifolds are singular. But outside the singularities, the resulting geometry is locally
flat, thus one can use CFT methods. Sometimes orbifolds are referred to as CY limits because the
singularities can be removed using a blowing up process. Naturally the field content of orbifold com-
pactifications, is a truncation of the six-torus T 6 compactification to invariant states under the orbifold
action. They fall into N = 2 supermultiples (Type II) or N = 1 supermultiplets (Heterotic) in four-
dimensions, like in the case of compactification on CY3. The field content of Type-I superstring both
on toroidal orbifolds and on CY3 can also be organised in N = 1 supermultiplets in four-dimensions.
We warn that in the literature sometimes the Type-I appears as a special case of more general class of
Type II orientifold compactifications, where in general the final amount of supersymmetries in four-
dimensions is N = 1 due to the non-trivial orientifold projection, and the resulting spectrum is a
truncation to states that are invariant under the orientifold action.
In Type II orientifold compactifications extended objects like D-branes and Ω-planes need to be in-
cluded for consistency. Moduli are collected into chiral multiplets, and orientifold projections at tree
level doesn’t destroy the structure of closed string moduli space (1.1) unless open strings moduli (Wil-
son lines) coming from D-branes that wrap internal directions, enter the spectrum 7.
Even if there is yet no phenomenological, evidence of supersymmetry, the main attention in the lit-
erature is focused on theories with N = 1 supersymmetry in four-dimensions because the presence of
chiral matter is needed in order to bridge string theories and the Standard Model. The informations
on the structure of any N = 1 supergravity Lagrangian in four-dimensions are encoded in the Käh-
ler potential K(φ, φ¯), the superpotential W(φ) and the (matrix) gauge kinetic function f(φ). In the
context of string compactification these functions depend non-trivially on the complex scalar fields φ
which arise from compactification process itself. The resulting four dimensional LEEA for the bosonic
fields can be written in the form
LSG
N=1
=
R
2k24
−KIJ¯(φ, φ¯)∇µφI∇µφJ¯−V (φ, φ¯)−
1
8
Re(fab(φ))F
a
µνF
b µν−1
8
Im(fab(φ))F
a
µν F˜
b µν+. . . (1.4)
6 For completeness, we recall that there are also several abstract CFT constructions that provide solutions to these
problems of 2d-theory in curved background as for instance the Gepner models, not discussed in this paper [23].
7 We don’t consider this general case, but when D-branes moduli are taken as dynamical fields the geometry of moduli
space ned to be described by closed as well as open string moduli, since in principle there is no factorisation, and the
structure of the moduli space is more complicated.
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where a, b label gauge group representations and KIJ¯ is the Kähler metric
KIJ¯(φ, φ¯) =
∂2K(φ, φ¯)
∂φI∂φJ¯
(1.5)
with I, J¯ running both on geometrical and non-geometrical moduli. The scalar potential V (φ, φ¯) with
it’s F - and D-term is given by
V (φ, φ¯) = ek
2
4K
(
KIJ¯∇IW∇J¯W¯ − 3k24 |W|2
)
+
1
2
(
Re(f−1)
)
ab
DaDb (1.6)
In the above equation ∇I ≡ ∂I + k24(∂IK) is the Kähler covariant derivative 8. Upon computing
tree-level string scattering amplitudes, the explicit form of the terms in the Lagrangian can be derived
and compared with the terms coming from the dimensional reduction of the higher dimensional string
model in consideration. Up to the point where N = 1 supersymmetry is unbroken, it is also known
which kinds of corrections the three functions K, W and fab can receive. The Kähler potential K can
in principle have both perturbative and non-perturbative corrections in α′ and gs. The superpotential
W, by general non-renormalization theorems, can receives only non-perturbative gs corrections while,
in the gauge kinetic function, fab, can appear corrections both perturbative (up to one-loop) and non-
perturbative in gs. This kind of corrections are needed in order to arrive at some string solutions
which can describe a positive vacuum energy configuration (de Sitter vacua) and stabilise the moduli
to positive mass-squared values. If (some of) the moduli remain massless they can mediate long range
forces and, from the cosmological point of view, overclose the universe. This last problem emerges from
the fact that at the tree-level of the α′ and gs expansions, the scalar potential V (φ, φ¯) (1.6) is of non-
scale type, i.e. is without D-term. It is, in fact, identically zero both for the Kähler moduli (geometrical
and non-geometrical) and open moduli (when present), leaving all them unfixed 9. The problem of
these unfixed moduli occurs in general because the superpotential W at tree-level can only depends
on the complex axion-dilaton and the complex structure moduli (geometric moduli). Thus not all the
desired F-terms can be generated. The KKLT [24] and the LVS [25] scenarios are the two principal
ones that took into account the Kähler moduli stabilisation by adding non-perturbative contributions
(to both) and perturbative ones (to LVS). The challenges of building cosmological string models which
can link the inflation phase to the cosmological standard model(CSM) beyond the solutions of the
classical theory, are based on these ideas and considerations. 10
Our work is based on the computation of tree-level string scattering amplitudes useful to extract in-
formations on the structure of the LEEA terms at specific orders in the gs expansion, i.e. coming from
disk and projective plane worldsheet.
The paper is organized as follows. In Section 1 an introduction with motivations and general as-
pects related to the topic are given. In Section 2 closed string scattering amplitudes in D ≤ 10
dimensions on the disk D2 and real projective plane RP2 are computed. Historical disk amplitude
computations and results are reviewed in detail in [27, 28, 29, 31] and an introduction on the role
of real projective plane is provided for completeness to recall the geometry of extended objects like
Ωp-planes in unoriented theories. In Section 3 we give an overview on Type IIB orientifold model and
focus on Type IIB orientifold on T6/Z2 × Z2. In this framework we construct vertex operators for
the closed untwisted Kähler moduli (T ) and complex structure moduli (U) of Type IIB orientifold on
T6/Z2 × Z2 in presence of D-brane, Ω-plane, as well as tool blocks for the two-point functions on D2
and RP2. In Section 4 two-point string scattering amplitudes with untwisted Kähler moduli (T ) and
complex structure moduli (U) of Type IIB orientifold on T6/Z2 ×Z2 on disk D2 and projective plane
RP2 are computed and discussed. We have also checked that there are no corrections to the tree-level
Kähler potential K of Type IIB orientifold on T6/Z2 × Z2 when scattering amplitudes on RP2 are
considered [33, 34] and no order α′-corrections to the Einstein-Hilbert term R from the amplitudes
considered [33, 34]. In Section 5 we perform a comparison at α′2-order between string scattering am-
plitudes results and (curvature)2 terms in the LEEA of D-branes and Ω-planes, starting from a generic
8 The fermionic terms can be obtained by supersymmetry.
9 The axion-dilaton and complex structure moduli can in general be stabilised turning on fluxes [13].
10 An exhaustive overview on inflation models by string theories approaches can be find in [26].
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Type IIB orientifold model in high dimensions and going to the specific case of Type IIB orientifold
on T6/Z2 × Z2. Finally, in Section 6, discussions and perspectives for future lines of investigation are
given.
2 Scattering Amplitudes from DP -brane and ΩP -plane
The purpose of this Section is to review ten (or less) dimensional two-point closed string scattering
amplitudes, involving massless states, on the disk and real projective plane and their leading α′ con-
tributions (in particular α′2), in the context of unoriented string theory where objects like DP -branes
and ΩP -planes are necessary for consistency reasons. There are many works that approach these topics
[27, 28, 29, 31],but for our purposes it is instructive to reproduce these results and point out precisely
the α′2 contributions that will be present in low energy effective action as already mentioned in the
works [31, 35, 36] for the disk and [32] for the projective plane. In the following one can find the
general setup of scattering amplitudes including the specific choice of fixing gauge for the invariance
under the specific conformal killing group together with results and implications. All the computational
technicalities are relegated to the appendices.
2.1 AD2 (NS−NS,NS−NS)
The starting point is the computation of scattering amplitude of two massless NS-NS states from
DP -branes, which at tree-level involves the disk D2 as worldsheet. To this aim one is forced to use
vertex operators different pictures in order to cancel the vacuum extra charge of the superghosts. In
addition, the presence of the Dp-brane is taken into account by introducing the reflection matrix R,
a diagonal matrix with entries +1 in the Neumann (Poincarè preserving) directions and −1 in the
Dirichlet (Poincarè non-preserving) directions. This information is encoded in the vertex operators as
follows:
W
NS−NS(q,q¯)
(E, k, z, z¯) = EMN : VM(q)(k, z)VN(q¯)(k, z¯) := EMN RNQ : VM(q)(k, z) :: VQ(q¯)(kR, z¯) : (2.1)
In particular, the form of the vertices in the two standard choices (0, 0) and (−1,−1) of the superghost
picture is
W
NS−NS(−1,−1)
(E, k, z, z¯) = EMN RNP : e−φψMeikX(z) : : e−φψP eikRX(z¯) :
W
NS−NS(0,0)
(E, k, z, z¯) = EMN RNP :
(
i∂XM+
α′
2
(kψ)ψM
)
eikX(z)::
(
i∂¯XP+
α′
2
(kRψ)ψP) eikRX(z¯):
(2.2)
The scattering amplitude is then given by
A(NS−NS,NS−NS)D2 = g2cCD2
∫
H+
d2z1d
2z2
VCKG
〈W
NS−NS(−1,−1)
(E1, k1, z1, z˜1)WNS−NS(0,0)(E2, k2, z2, z˜2)〉H+
=
2g2cCD2
α′
∫
H+
d2z1d
2z2
VCKG
E1M1N1E
2
M2N2RN1P1RN2P2 〈: e−φψM1eik1X(z1) :: e−φψP1eik1RX(z¯1) :
:
(
i∂XM2 +
α′
2
(
k2ψ
)
ψM2
)
eik2X(z2) ::
(
i∂¯XP2 +
α′
2
(
k2Rψ
)
ψP2
)
eik2RX(z¯2) :〉
=
2g2cCD2
α′
∫
H+
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ(z¯1) :〉
(
M(1) +M(2) +M(3) +M(4)
)
(2.3)
where VCKG is the conformal killing volume and M’s indicate the different sub-amplitudes that one
has to calculate, as for instance
M(1) = E1M1N1E2M2N2RN1P1RN2P2 〈: ψM1eik1X(z1)::ψP1eik1RX(z¯1)::i∂XM2eik2X(z2)::i∂¯XP2eik2RX(z¯2) :〉 .
(2.4)
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In order to compute all the contractions the relevant two-point functions are
〈e−φ(z)e−φ(z¯)〉D2 =
1
(z − z¯) , 〈X
M (z)XN (z¯)〉D2 = −
α′
2
ηMN log |z − z¯|
〈XM (z)XN (w¯)〉D2 = −
α′
2
ηMN log(z − w¯) , 〈XM (z)XN (w)〉D2 = −
α′
2
ηMN log(z − w)
〈ψM (z)ψN (z¯)〉D2 =
ηMN
(z − z¯) , 〈ψ
M (z)ψN (w¯)〉D2 =
ηMN
(z − w¯) , 〈ψ
M (z)ψN (w)〉D2 =
ηMN
(z − w)
(2.5)
The explicit result of the M(i)’s calculation, being quite cumbersome, is reported in Appendix A.2
of ref. [63] . First of all, one has to remove the redundancy related to the Conformal Killing Group
of D2. Identifying the disk with H+ = S2/ID2 , the CKG of the residual symmetry is PSL(2,R) =
SL(2,R)/Z2, i.e. the subgroup of SL(2,C) that preserves the involution ID2(z) = z¯. The finite
transformations are [37, 39, 40]
z 7→ z′ = az + b
cz + d
M =
(
a b
c d
)
∈ SL(2,R) i.e.
{
a, b, c, d ∈ R
ad− cb = 1→ detM = 1 .
(2.6)
The corresponding Lie algebra is sl2(R), which generators are 2 × 2 traceless real matrices [41]. The
infinitesimal transformation can be obtained from the finite transformation expanding it around a =
d = 1; c = b = 0 as follows
δ(z′) = δ
(az + b
cz + d
)∣∣∣
a=d=1;c=b=0
=
z
cz + d
δa+
1
cz + d
δb− az + b
(cz + d)2
δd− az
2 + bz
(cz + d)2
δc
∣∣∣
a=d=1;c=b=0
=
{
zδa+ δb− zδd − z2δc
δa+ δd = 0
→
{
δb+ 2δa z − δc z2
p := δb , q := 2δa , m := −δc
= p+ qz +mz2 p, q,m ∈ R .
(2.7)
Setting z = x+ iy we have
δ(x′ + iy′) = p+ q(x+ iy) +m(x+ iy)2 →
{
δx′ = p+ qx+m(x2 − y2)
δy′ = qy + 2mxy
. (2.8)
The PSL(2,R) symmetry allows to fix the positions of three chiral vertex operators. In the case with
two closed string one can fix two chiral(antichiral) and one antichiral(chiral). In the case of two closed
strings, using the doubling trick, the amplitude can be written in the form∫
dz1dz¯1d2dz¯2
VCKG
〈
: V 1L (z1) :: V
1
L (z¯1) :: V
2
L (z2) :: V
2
L (z¯2) :
〉
; VCKG =
∫
dp dq dm (2.9)
where the integral over the parameters is divergent in the absence of gauge fixing. To do so we write
the surface element dz dz¯ in terms of its real components [37]
dz1dz¯1dz2dz¯2 = 4dx1dy1dx2dy2 (2.10)
and use (2.6) to fix, for instance, x1, x2 and y1:
4dx1dy1dx2dy2 = 4 |J | dp dq dmdy2 ; J = det
∣∣∣∣∣∣
1 0 1
x1 y1 x2
(x21−y21) 2x1y1 (x22−y22)
∣∣∣∣∣∣ = y1(y21−y22) + y1(x1−x2)2
(2.11)
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The same result can be obtained by inserting three unintegrated vertices, i.e putting cV in (2.9) instead
of
∫
V , where c is the reparametrization ghost. This means that the 〈|ccc|〉 ghost correlator has to
reproduce exactly the Jacobian of the PSL(2,R) transformation. After fixing the symmetry, directly
using the PSL(2,R) transformations or the correct 〈|ccc|〉 correlator must give the same result. In [37]
one can check that in the most common examples such as the case of three unintegrated closed vertices
on the sphere or three unintegrated open vertices on the disk, the Jacobian of the transformation can
be written as a 〈|ccc|〉〈|c¯c¯c¯|〉 and 〈|ccc|〉 ghost correlator, respectively. The cases of purely closed or
open/closed amplitudes on the disk are less straightforward to discuss. The reason is that PSL(2,R)
acts on the complex variable z in non trivial way (2.6). In the purely closed amplitudes, the Jacobian
(2.11) can not be reproduced by a single 〈|ccc¯|〉 insertion, but one needs to insert the linear combination
|〈c(z1)c(z¯1)c(z2)〉+ 〈c(z1)c(z¯1)c(z¯2)〉| = |(z1 − z¯1)(z¯1 − z2)(z1 − z2) + (z1 − z¯1)(z¯1 − z¯2)(z1 − z¯2)|
= |4y1(y21 − y22) + 4y1(x1 − x2)2|
(2.12)
that takes into account both the position of the vertices in H+ as well as those on the images in H−.
One gets in this way
dz1dz¯1dz2dz¯2 = 4 |J | dp dq dmdy2 ≡ |〈c(z1)c(z¯1)c(z2)〉+ 〈c(z1)c(z¯1)c(z¯2)〉| dp dq dmdy2 (2.13)
One can see that specializing conveniently the points z1, z2 to be
z1 7→ z′1 = i; z2 7→ z′2 = iy; ⇔ x1 = 0; y1 = 1; x2 = 0, y2 = y
z¯′1 = −i; z¯′2 = −iy ⇔ x1 = 0, y1 = 1; x2 = 0, y2 = y
(2.14)
and inserting them in (2.13), with the help of (2.11) and (2.12), the final integration measure takes
the form
dz1dz¯1dz2dz¯2 = 4(1−y2) dp dq dmdy . (2.15)
Putting everything together one gets for the amplitude (2.3)
A(NS−NS,NS−NS)D2 =
4g2cCD2
α′
∫ 1
0
dy
(
4y
(1+y)2
)−α′s(1−y
1+y
)−α′ t
2
4(1−y2){
a1
(1−y2)2+
a2
4y(1+y)2
+
a3(1+α
′s)
16y2
} (2.16)
where
a1 =− α
′2
4
{
Tr(ET1 E2)k1Rk1
2
+ Tr(RE1)k1E2k1 − k2E1RE2k1 + k2RET1 E2k1 +
k2ET1 E2k1
2
+ k2RE1ET2 k1 +
k2E1ET2 k1
2
+ (1↔ 2)
}
a2 =− α
′2
4
{
Tr(ET1 E2)k1Rk1
2
− Tr(E1RE2R)k2Rk2
2
− Tr(RE1)k1E2Rk2 +Tr(RE1)k2RE2Rk1
− k1RE1RE2Rk2 + k1RE
T
1 E2Rk2
2
+
k1RE1ET2 Rk2
2
+ (1↔ 2)
}
a3 =
α′
2
Tr(RE1)Tr(RE2) .
(2.17)
The complete derivation of the ai coefficients can be found in Appendix A.3 of ref.[63]. Following
[27, 28, 29] it is convenient to perform in (2.16) the change of variable
y =
1−√x
1 +
√
x
(2.18)
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which gives
A(NS−NS,NS−NS)D2 =
=
4g2cCD2
α′
{
a1B[(−α′s+1); (−α′t/4)] + a2B[(−α′s); (−α′t/4+1)] + a3(1+α′s)B[(−α′s−1); (−α′t/4+1)]
}
.
(2.19)
Using the Γ function properties, one can write the previous equation in the compact form
A(NS−NS,NS−NS)D2 =
4g2cCD2
α′
(
−α′s a1 − α′ t
4
aˆ2
)
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4 + 1) (2.20)
which is explicitly symmetric under the (1↔ 2) exchange [32, 27, 28, 29] with
aˆ2 = a2 +
(
α′s+ α′
t
4
)
a3 . (2.21)
In order to identify the leading α′ corrections one expands the combination of gamma functions in the
limit α′ → 0 obtaining
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4 + 1) =
4
α′s α′t
− ζ(2)−
(
α′s+ α′
t
4
)
ζ(3) +O(α′2) . (2.22)
Combining this with the terms above, one can find that the amplitude (2.20) exhibits open string poles
in the s-channel and closed string poles in the t-channel as expected. There are also terms of order
(α′)0 proportional to Tr(RE1)Tr(RE2). The (α′)2 terms coming from (2.20) reads
g2cCD2 ζ(2)
{
4s a1 + t a2 +
(
α′s+
α′t
4
)
t a3
}
. (2.23)
2.2 ARP2 (NS−NS,NS−NS)
Scattering amplitudes of two massless NS-NS states from Ωp-planes involve at tree level a worldsheet
with the topology of the real projective plane. They can be dealt with in analogy to the disk amplitudes.
ΩP -planes are the fixed loci of the space-time involution whose combined action with the worldsheet
parity operator Ω (possibly dressed with suitable action on fermions) realizes the unoriented projection
along with (9−p) T-dualities. The real projective plane is a quotient of the Riemann sphere via the
anti-conformal involution IRP2(z) = −1/z¯. Possible choices for the fundamental region are thus the
upper-half-plane or the unit disk [30, 43]. Vertex operators on the real projective plane must be defined
consistently with the involution. The combination that takes into account all of these features is
WNS−NS(q,q¯)(E, k, z, z¯) →
RP2
W⊗NS−NS(q,q¯)(E, k, z, z¯) (2.24)
where
W⊗
NS−NS(q,q¯)
(E, k, z, z¯) =
1
2
EMN
{
: VM(q)(k, z)VN(q¯)(k, z¯) : + : VM(q¯)(kR, z¯)VN(q)(kR, z) :
}
. (2.25)
Using the doubling trick it is possible to arrive at the final form of the vertex operator
W⊗
NS−NS(q,q¯)
(E, k, z, z¯) =
1
2
EMN
{
RNP :VM(q)(k, z)::VP(q¯)(kR, z¯): +RMQ RNS RQP :VP(q¯)(k, z¯)::VS(q)(kR, z) :
}
(2.26)
In the standard pictures, one gets from (2.26)
W⊗
NS−NS(−1,−1)
(E, k, z, z¯) =
EMNRNP
2
{
:e−φψMeikX(z)::e−φψP eikRX(z¯): + (z ↔ z¯)
}
W⊗
NS−NS(0,0)
(E, k, z, z¯) =
EMNRNP
2
{
:
(
i∂XM +
α′
2
(
kψ
)
ψM
)
eikX(z) :
:
(
i∂¯XP +
α′
2
(
kRψ)ψP)eikRX(z¯) : + (z ↔ z¯)} .
(2.27)
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At this point one can starts with the computation of the two-point scattering amplitude from ΩP -
plane of massless NS-NS states. Owing to the involution of the real projective plane, there exist
several sub-amplitudes Λi that one needs to consider
A(NS−NS,NS−NS)RP2 = g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
〈W⊗
NS−NS(−1,−1)
(E1, k1, z1, z¯1)W⊗
NS−NS(0,0)
(E2, k2, z2, z¯2)〉RP2
=Λ1 + Λ2 + Λ3 + Λ4
(2.28)
where for a representative sub-amplitude, like Λi, one has
Λ1 = g
2
cCRP2
1
4
2
α′
∫
|z|≤1
d2z1d
2z2
VCKG
E1M1N1E
2
M2N2RN1P1R
N2
P2
〈:e−φψM1eik1X(z1)::e−φψP1eik1RX(z¯1) :
:
(
i∂XM2 +
α′
2
(
k2ψ
)
ψM2
)
eik2X(z2)::
(
i∂¯XP2 +
α′
2
(
k2Rψ
)
ψP2
)
eik2RX(z¯2):〉
= g2cCRP2
1
4
2
α′
∫
|z|≤1
d2z1d
2z2
VCKG
〈:e−φ(z1)::e−φ(z¯1):〉
(
M(1)
Λ1
+M(2)
Λ1
+M(3)
Λ1
+M(4)
Λ1
)
(2.29)
and once again can be separated like the disk amplitude in M(i)Λ ’s terms. The complete set of sub-
amplitudes can be find in Appendix A.4 of ref.[63]. The basic two-point functions necessary for an
explicitly computation are
〈e−φ(z)e−φ(z¯)〉
RP2
=
1
(1 + zz¯)
, 〈XM (z)XN (z¯)〉
RP2
= −α
′
2
ηMN log |1 + zz¯|
〈XM (z)XN (w¯)〉
RP2
= −α
′
2
ηMN log(1 + zw¯) , 〈XM (z)XN (w)〉
RP2
= −α
′
2
ηMN log(z − w)
〈ψM (z)ψN (z¯)〉
RP2
=
ηMN
(1 + zz¯)
, 〈ψM (z)ψN (w¯)〉
RP2
=
ηMN
(1 + zw¯)
, 〈ψM (z)ψN (w)〉
RP2
=
ηMN
(z − w)
(2.30)
Using the definitions of the usual kinematical invariants (see eq. (A.1)) for the Koba-Nielsen factors,
it is convenient to combine the Λ-subamplitudes in pairs as follows11
A =
(
Λ1 + Λ4
)
+
(
Λ2 + Λ3
)
. (2.31)
As is well known, in order to compute the integral in (2.28), one has to fix the invariance under the
CKG of RP2. The latter is the SU(2) subgroup of SL(2, C) that is identified as the invariant part
under the anti-conformal involution IRP2(z). For SU(2) the finite transformation reads
z 7→ z′ = uz + v−v¯z + u¯ , L =
(
u v
−v¯ u¯
)
∈ SU(2) i.e.

u = 1 + iβ
v = α ≡ γ + iλ
β, γ, λ ∈ R
|u|2 + |v|2 = 1
. (2.32)
In agreement with [44] the infinitesimal transformation is
δ(z′) = δ
( uz+v
−v¯z+u¯
)∣∣∣
β=γ=λ=0
=
iz[(−γ+iλ)z + (1−iβ)]+i[(1+iβ)z+(γ+iλ)]
[(−γ+iλ)z + (1−iβ)]2
∣∣∣
β=γ=λ=0
δβ
+
[(−γ+iλ)z+(1−iβ)]+z[(1+iβ)z+(γ+iλ)]
[(−γ+iλ)z+(1−iβ)]2
∣∣∣
β=γ=λ=0
δγ
+
i[(−γ+iλ)z+(1−iβ)]−iz[(1+iβ)z+(γ+iλ)]
[(−γ+iλ)z+(1−iβ)]2
∣∣∣
β=γ=λ=0
δλ
(2.33)
11 No picture changing is needed to combine together the Λ-subamplitudes. We checked that the amplitude is picture
changing invariant, i.e there is no dependence on the picture distribution for the vertex operators, as argued in [32].
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yielding{
2iz δβ + (1 + z2) δγ + i(1− z2) δλ
e := 2 δβ, f := δγ, g := δλ
= (f + ig) + i e z + (f − ig) z2 e, f, g ∈ R . (2.34)
Setting z = q + it,
δ(q′ + it′) = (f + ig) + ie(q + it) + (f − ig)(q + it)2 →
{
δq′ = [1 + (q2 − t2)]f − e t+ 2 t q g
δt′ = 2 t q f + e q + [1− (q2 − t2)]g
(2.35)
one can fix three positions choosing the value of, for instance, q1, t1 and q2 using the SU(2) symmetry.
One gets in this way
dz1 dz¯1 dz2 dz¯2 = 4 dq1 dt1 dq2 dt2 = 4 |J | df dg de dt2 (2.36)
where the Jacobian J is given by
J = det
∣∣∣∣∣∣
1+(q21−t21) 2q1t1 1+(q22−t22)
2q1t1 1−(q21−t21) 2q2t2
−t1 q1 −t2
∣∣∣∣∣∣
= t1
{
[1+(q21+t
2
1)][1+(q
2
2−t22)]
}
− t2[1+(q21+t21)]
{
2q2q1 + [1− (q21 + t21)]
} (2.37)
The combination of 〈|ccc|〉 ghost correlators is again
|〈c(z1)c(z¯1)c(z2)〉−〈c(z1)c(z¯1)c(z¯2)〉| = |(1 + z1z¯1)(1 + z2z¯1)(z1 − z2)− (1 + z1z¯1)(z¯1 − z¯2)(1 + z1z¯2)|
= |2t1
{
[1+(q21+t
2
1)][1+(q
2
2−t22)]
}
− 2t2[1+(q21+t21)]
{
2q2q1+[1− (q21+t21)]
}
|
(2.38)
which allows us to write
dz1 dz¯1 dz2 dz¯2 = 4 |J | df dg de dt2 = 2|〈c(s1)c(s¯1)c(s2)〉−〈c(s1)c(s¯1)c(s¯2)〉|df dg de dt2 . (2.39)
In particular, for the specific case of interest a convenient choice is to fix the vertices in
z1 = 0; z2 = iy → q1 = 0, t1 = 0; q2 = 0, t2 = y
z¯1 = 0; z¯2 = −iy → q1 = 0, t1 = 0; q2 = 0, t2 = y
(2.40)
with this choice many terms vanish (see Appendix A.4 in ref. [63]). From (2.39) using (2.37) and
(2.38) one gets
ds1 ds¯1 ds2 ds¯2 = 4 y df dg de dy . (2.41)
In this setup, only remain the following two contributions
Λ1 + Λ4 =
2g2cCRP2
α′
∫ 1
0
dy2
(
1 + y2
)−α′s
y−2α
′ t
4
(
a1
y2
+
a2
(1 + y2)
+
a3 (1 + α
′s)
(1 + y2)2
)
Λ2 + Λ3 =
2g2cCRP2
α′
∫ 1
0
dy2
(
1 + y2
)−α′s
y−2α
′ u
4
(
a1
y2
+
a2
y2(1 + y2)
+
a3 (1 + α
′s)
(1 + y2)2
) (2.42)
with
a1 = −α
′2
4
{
− 1
2
Tr(ET1 E2)k1Rk1 − Tr(RE1)k1E2k1 + k2E1RE2k1 − k2RE1ET2 k1 −
1
2
k2E1E
T
2 k1
− k2RET1 E2k1 −
1
2
k2ET1 E2k1 + (1↔ 2)
}
a2 = −α
′2
4
{
1
2
Tr(ET1 E2)k1Rk1 −
1
2
Tr(E1RE2R)k2Rk2 +Tr(RE1)k2RE2Rk1 + 1
2
k1RE1ET2Rk2+
1
2
k1RET1 E2Rk2 −Tr(RE1)k1E2Rk2 + (1↔ 2)
}
a3 =
α′
2
Tr(RE1)Tr(RE2)
(2.43)
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are relevant. The details on the terms appearing in the ai are spelled out in Appendix A.5 of ref. [63].
Using the integral representation of the hypergeometric function
2F1(α, β; γ; z) =
Γ(γ)
Γ(β)Γ(γ − β)
∫ 1
0
duuβ−1(1− u)γ−β−1(1− uz)−α (2.44)
with γ = β + 1 and z = −1, one obtains
Λ1 + Λ4 =
2g2cCRP2
α′
{
a1
2F1
(
α′s,−α′t/4;−α′t/4 + 1;−1)
(−α′t/4) + a2
2F1
(
α′s+ 1,−α′t/4 + 1;−α′t/4 + 2;−1)
(−α′t/4 + 1)
+ a3
(1 + α′s)2F1
(
α′s+ 2,−α′t/4 + 1;−α′t/4 + 2;−1)(− α′t/4 + 1)
}
Λ2 + Λ3 =
2g2cCRP2
α′
{
a1
2F1
(
α′s,−α′u/4;−α′u/4 + 1;−1)
(−α′u/4) + a2
2F1
(
α′s+ 1,−α′u/4;−α′u/4 + 1;−1)
(−α′u/4)
+ a3
(1 + α′s)2F1
(
α′s+ 2,−α′u/4 + 1;−α′u/4 + 2;−1)(− α′u/4 + 1)
}
.
(2.45)
With the help of the identity
b 2F1(a, a+ b; a+ 1;−1) + a 2F1(b, a+ b; b+ 1;−1) = Γ(a+ 1)Γ(b+ 1)
Γ(a+ b)
(2.46)
it is straightforward to see that all the subamplitudes Λi combine together, because for instance
2F1(α
′s,−α′u/4;−α′u/4+1;−1) = Γ (−α
′t/4)Γ (−α′u/4+1)
Γ
(
α′s
) − (−α′u/4)
(−α′t/4) 2F1(α
′s,−α′t/4;−α′t/4+1;−1)
(2.47)
and exploiting the Γ function properties, one arrives at the same conclusion as [32], namely
Λ1 + Λ2 + Λ3 + Λ4 =
2g2cCRP2
α′
{
a1(α
′s)
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4 + 1) + a2(−α
′t/4)
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4 + 1)
+ a3(1 + α
′s)(−α′t/4)(−α′u/4)Γ(−α
′t/4)Γ(−α′u/4)
Γ(α′s+ 2)
}
=
2g2cCRP2
α′
{
α′s a1 − α′ t
4
aˆ2
}
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4 + 1)
(2.48)
where aˆ2 = a2 − α′ u4a3. Taking the limit α′ → 0 as in (2.22) the amplitude (2.48) exhibits only closed
string poles in the t-channel and u-channel due to the presence of ΩP -planes where no open strings
can be attached. As for the disk case, we can extract the terms proportional to (α′)2 which read
g2cCRP2 ζ(2)
{
−2s a1 + t
2
a2 + α
′ ut
8
a3
}
(2.49)
in agreement with the results of refs. [32, 45]. At this point it is also interesting to compare the pole
structures of both disk and real projective plane amplitudes fro which we obtain
AD2 =
4g2cCD2
α′
(
−α′s aD21 − α′
t
4
aˆ
D2
2
)
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4 + 1)
A
RP2
=
2g2cCRP2
α′
(
α′s aRP21 − α′
t
4
aˆ
RP2
2
)
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4 + 1) .
(2.50)
One can verify that the factor inside the round bracket is the same in both the amplitudes since
a
RP2
1 = −aD21 and aˆRP22 = aˆD22 . We can match the pole expansion in the t-channel, using the following
12
representations
AD2 ∼
Γ(α′ u4 + α
′ t
4)Γ
(−α′ t4)
Γ
(
α′ u4 + 1
)
=− sin
(
pi
(
α′ u4
))
pi
Γ
(
−α′ t
4
)
Γ
(
−α′u
4
)
Γ
(
α′
t
4
+ α′
u
4
)
A
RP2
∼ Γ
(−α′ t4)Γ (−α′ u4 )
Γ
(−α′ t4 − α′ u4 + 1)
=
sin
(
pi
(
α′ t4 + α
′ u
4
))
pi
Γ
(
−α′ t
4
)
Γ
(
−α′u
4
)
Γ
(
α′
t
4
+ α′
u
4
)
(2.51)
where we have used α′s = −α′t/4−α′u/4 and the Gamma function property Γ(z)Γ(1−z) = pi/sin(pi z).
In (2.51) the t-channel poles are due to Γ(−α′t/4) and the matched residue at the pole α′t/4 = n is
equal to
Res(AD2)
∣∣
α′ t
4
=n
∼ (−1)
n+1 sin
(
pi α′ u4
)
pi n!
Γ
(
−α′u
4
)
Γ
(
n+ α′
u
4
)
Res(A
RP2
)
∣∣
α′ t
4
=n
∼ sin
(
pi α′ u4
)
pi n!
Γ
(
−α′u
4
)
Γ
(
n+ α′
u
4
) (2.52)
with n positive integer. At fixed n, one can verify that, for n-odd the the poles in (2.51) for AD2 and
A
RP2
have the same sign while for n-even the sign of the poles are opposite in agreement with [32].12
We end by remarking that the mass-square M2n, in the t-channel, for the closed string takes the form
M2n =
4n
α′
:=
2
n
(2n) =
2
α′
(
(Nα + N˜α) + (Nb + N˜b)− δ(NS ,R)
)
(2.53)
where one can verify that only the GSO-projected states are permitted.
3 Type IIB orientifold on T6/Z2 × Z2
Our aim in this section is to compute string two-point scattering amplitude involving closed string
moduli, at tree-level in gs expansion, in particular on the first worldsheet spanned by open string and
closed unoriented string, i.e the disk D2 and the real projective plane RP2 respectively. We postponed
to Section 4 the explicit amplitude calculations. Here our attention is focused on the formulation of
the necessary computational tools, like the explicit construction of the relevant vertex operators and
two-point functions on these specific worldsheet surfaces. This knowledge is required to bridge the
string approach and to the construction of the four dimensional supergravity LEEA. In the various
subsections we wish to summarise the basic aspects of Type IIB orientifolds on T6/Z2 × Z2. We give
an overview of the Type IIB toroidal orbifold Z2 × Z2 spectrum, of the extended objects that the
orientifold projection Ωσ induces and the resulting parametrisation of the moduli space at tree-level
in a specific situations from the supergravity point of view.
Among the general Toroidal orbifold (1.3), the Type IIB on T6/Z2 ×Z2 that we want consider here is
the one with Abelian orbifold group Γ ≡ Z2 × Z2 without discrete torsion [46, 4, 6, 11] and satisfying
the constraints needed to get N = 2 supersymmetry [47, 37, 48], “before” the orientifold projection.
The root lattice of the underlying T6 torus is chosen in a way that it factorises as
T6 =
3⊗
I=1
T2I (3.1)
where the two-tori T2I are the blocks-diagonal part of T
6, while the elements of the group orbifold are
GZ2×Z2 = {1, θ1, θ2, θ3} with
θ1 = (+,−,−) θ2 = (−,+,−) θ3 = (−,−,+) (3.2)
12 Our analysis is done on the full amplitudes (2.50), not on partial subamplitudes as in [32].
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where each element θI of Z2 × Z2 acts as it were a single Z2 thus leaves invariant the T2I lattice
base and flips with a minus sign the lattice of the corresponding two-torus T2J 6=I . The torus partition
function of this model is the truncation onto invariant states of the torus partition function of Type
IIB on T6 torus, obtained by the action of a defined orbifold projection operator on the latter [11] (as
the GSO projection operator in superstring). The resulting states of the spectrum are organised in
sectors: the untwisted sector and the twisted sectors. The twisted sectors are characterised by strings
that satisfy periodicity condition imposed by the orbifold group elements. Their presence ensure the
modular invariance of the torus partition function. As for CY compactification, the spectrum of
toroidal orbifold is expressed using the Hodge classes Hp,q and their dimensions hp,q are collected into
the Hodge diamond that for the T6/Z2 × Z2 is [46]
1 0 0 1
0 3 51 0
0 51 3 0
1 0 0 1
 (3.3)
where p and q span the columns and the rows respectively. The massless spectrum of the Type IIB
orbifold is contained in the matrix (3.3), since its entries count the number of super-multiplets in the
low-energy effective field theory and we have
h1,1 ≡ h1,1
utw
+ h1,1
tw
= 3 + 0
h2,1 ≡ h2,1
utw
+ h2,1
tw
= 3 + 48
(3.4)
h1,1, h2,1 are splitted into the untwisted (utw) and twisted (tw) sectors mutually. In terms of N = 2
supermultiplets in 4-dimensions the moduli are organised in hypermultiplets and vectormultiplets as
follows
Utw : (h1,1
utw
+ 1) ≡ (3 + 1) Hyper , h2,1
utw
≡ 3 Vector
Tw : h1,1
tw
≡ 0 Hyper , h2,1
tw
≡ 48 Vector . (3.5)
In eq. (3.5) we have also included the axion-dilaton hypermultiplet (or universal hypermultiplet). Our
attention is on the untwisted moduli and on the moduli space that they parameterise. Starting from
the Type IIB on T6 in 4-dimensions with N = 8 supersymmetries, one knows that the 70 scalar fields
are collected in the gravitational multiplet (unique multiplet) and parametrise a moduli space that
is E7(7)/SU(8). The latter can be reduced to a factorised moduli space parameterised only by the
geometrical moduli (as in Heterotic case [20])
SU(1, 1)
U(1)
× SO(6, 6)
SO(6)× SO(6) (3.6)
when the non-geometrical moduli are frozen [21]. The first coset refers to the axion-dilaton. The
reduction of this coset (3.6) due to the Z2 × Z2 action is the moduli space spanned by the untwisted
moduli (3.5)(see [22])
SU(1, 1)
U(1)
×
(
SU(1, 1)
U(1)
× SO(2, h
1,1
utw
− 1)
SO(2)× SO(h1,1utw − 1)
)
×
(
SU(1, 1)
U(1)
× SO(2, h
2,1
utw
− 1)
SO(2)× SO(h2,1utw − 1)
)
(3.7)
in agreement (when only geometrical moduli are dynamical fields) with the moduli space factorisation
SU(1, 1)
U(1)
× Sˆh1,1K × Sh
2,1
K (3.8)
valid for Type IIB compactification on CY3 with N = 2 superymmetries (1.1) with both SˆK and SK
special Kähler manifold parametrised by the hypermultiplets and vectormultiplets, respectively . In
the supergravity language the scalar fields in the hypermultiplets and vectormultiplets are the complex
Kähler moduli tI and the complex structure uI , respectively, while the universal complex axion-dilaton
is denoted by s. The Kähler potential (1.5) associated to the space (3.7) can be written as
κ24K = − ln(s + s¯)− ln
3∏
I=1
(tI + t¯I)− ln
3∏
I=1
(uI + u¯I) (3.9)
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with κ4 the physical gravitational coupling constant in 4-dimensions introduced in (1.4).
N = 1 models in 4-dimensions can be obtained by taking the orientifold projection Ωσ of Type II
theories. To make more clear how one can obtain such models we wish to explain the key steps that
lead to their construction. 13 The main feature that orientifold projection Ωσ introduces is the presence
of non-dynamical ΩP -planes, with P the dimensions of the worldvolume [1, 11]. Moreover different
kinds of orientifold projections Ωσ on Type IIB induce specific ΩP -planes summarised in Table 1,
Ωσ ΩI0 ΩI2(−1)FL ΩI4 ΩI6(−1)FL
ΩP Ω9 Ω7 Ω5 Ω3
Table 1
The discrete involution In(n = 0, 2, 4, 6) acts both on the internal space and on the directions perpen-
dicular to the ΩP -planes as a reflection fixing also the positions of the ΩP -planes, while (−1)FL ensures
that the Ωσ operator square to unity, as required for an involution.
Additional Ω-planes can appear when the orbifold group GΓ contains Z2 elements because they mix
with ΩIn giving either Ω9−(4−n)-planes for In = I0, I4 or Ω3+(n−2)-planes for In = I2, I6. To each kind
of ΩP -plane a stack of DP -branes needs to be added for consistency. The truncation of the spectrum of
the Type IIB theories onto Ωσ invariant states takes into account that worldsheet parity projection Ω
exchanges the left moving part with right moving part of the string. Furthermore the (−1)FL assigns a
(+)-eigenvalue and (-)-eigenvalue to the NS-NS and R-R states, respectively, while the pullback of In
acts on the Hp,q Hodge classes of the toroidal orbifold (or CY manifold) dividing each classes into two
subclasses characterised by (+)-eigenvalue Hp,q+ and (-)-eigenvalue H
p,q
− , while on the unique 3-form
Ω3 with (+)-eigenvalue or (-)-eigenvalue mutually for In = I0, I4 or In = I2, I6 [13].
The states in the spectrum that survives the Ωσ projection are those with overall (+)-eigenvalue.
All the moduli fields fall into chiral multiples of N = 1 in 4-dimensions, but due to the orientifold
projection Ωσ, when one has to complexify the Kähler moduli t, the net distinction between geometrical
and non-geometrical moduli for the N = 2 case is lost because they can mix. As a result the linear
combinations allowed in general are those with the real Kähler moduli coming from the same Hodge
subclasses, i.e both in Hp,q+ or H
p,q
− [13]. Complex structure moduli u
I are complex by definition.
We continue to explore the Type IIB orientifold on T6/Z2 × Z2 with a focus on the closed untwisted
sector, because the moduli in the twisted sectors can be consider as frozen. We choose as orientifold Ωσ
operator the worldsheet parity operator Ω (σ = I0) which by itself introduces Ω9-plane (see Table 1).
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The mixing of worldsheet parity operator Ω with the three θI = Z
I
2 elements (3.2) of GZ2×Z2 orbifold
group add three different ΩI5-planes fixed at the Z
I
2 invariant loci respectively. Both Ω9 and Ω
I
5-planes
are balance by stacks of D9- and D
I
5-branes, respectively, where the specific number of branes into each
stack and the gauge group localised on the D-branes worldvolume, can be determinated by computing
the partition function of the orientifold model. In this calculation one has to include all the one-loop
oriented and unoriented worldsheet surfaces torus (T ) and Klein bottle (K ) from closed string, as
well as the annulus (A ) and Möbius strip (M ) from open string. We do not discuss this point in a
detailed way, see for instance [11], but for completeness the model admits coincident 32 D9-branes on
top of the Ω9-plane that wrap the full internal space, three sets of coincident 32 D
I
5 -branes on top
of the ΩI5 -planes wrapped along the T
2
I-torus with (Usp(16))
4 gauge group [33, 52]. The orientifold
Ω action splits the Hodge classes H1,1 and H2,1, as said before, but does not reduce the number of
untwisted moduli for which we find
• Utw :
h1,1
utw
= h1,1
utw+ + h
1,1
utw− ≡ 3 + 0↔ (compl.) Kähler moduli tI , I = 1, . . ., h1,1utw+
h2,1
utw
= h2,1
utw+ + h
2,1
utw− ≡ 3 + 0↔ complex structure uI , I = 1, . . ., h2,1utw+ .
(3.10)
13 There is no dictated order between the orientifold projection and the orbifold projection, thus one can take, for
instance, both projections at the same time referring to the full orientifold group, i.e. G = GΓ ∪ ΩσGΓ.
14 We want to stress that in that case Type IIB orientifold ≡ Type I.
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In this situation, however, the complex Kähler moduli tI are no longer purely geometric because their
imaginary parts come from the moduli of C2-RR field, while the real parts involve the moduli of the
NS-NS graviton field, all of them in the same Hodge subclass H1,1+ . The complex axion-dilaton s
contains the scalar dual to the C2-RR field as imaginary part and the four dimensional dilaton φ as
real part. The complex structures uI remain purely geometrical moduli. The orientifold projection
doesn’t modify the structure of the moduli space parametrised by untwisted moduli (3.7) at tree level.
Thus we are left with it the direct product of moduli space for the s axion-dilaton SU(1, 1)/U(1), the
complex Kähler tI (SU(1, 1)/U(1))3 and complex structure uI (SU(1, 1)/U(1))3 [21, 48, 13, 47]. As a
consequence also the Kähler potential K is the same, i.e. (3.9). Some modifications can occur when
open string moduli (Wilson lines) coming from D-branes wrapping the internal space, are taken into
account. The moduli space space is no longer factorisable (see for instance [13]) and the definitions of
complex Kh¨aler moduli t (by open string moduli fromD9-branes) and of axion-dilaton s (by open string
moduli from DI5-branes) become more involved [53, 13, 33]. Furthermore the gauge group (Usp(16))
4
can be broken when some open string moduli take non-trivial vev. A discussion of this situation is
beyond the scope of this paper [54, 33].
3.1 Derivation of the compactified vertex operators and their properties
In this section we describe the main steps needed to build the vertex operators and the two-point func-
tions for the closed untwisted moduli of Type IIB orientifold on T6/Z2×Z2 (and mutatis mutandis for
each models that have similar behaviour). The compactifications of Type II string theories with N = 2
supersymmetries in d = 4 allow a two-dimensional superconformal field theory (SCFT) description on
string worldsheet that is locally N = (1, 1) invariant in the external space and globally N = (2, 2)
symmetric in the internal space with central charges
(
cext, c¯ext
)
= (−9,−9) and (cint, c¯int) = (9, 9)
respectively [13, 37]. Before the orientifold projection Ωσ, the string spectrum originating from the
global N = (2, 2) SCFT can be put in correspondence with the fields content of the Type II string
theories with N = 2 supersymmetries in d = 4 [13]. For instance looking at the massless moduli,
this correspondence can occur because at this stage there is no mixing between geometrical and non
geometrical moduli. Thus one can start from the vertex operators for the geometrical moduli coming
from the NSNS fields (graviton g and Kalb-Ramond B2) because their explicit form can be deduced
by the d = 2 non-linear sigma model. Then using the sypersymmetry transformations the vertex oper-
ators for the non-geometrical moduli originating from the RR fields (2-form C2 and 4-form C4) can be
obtained.15 The closed string complex moduli coming from the CFT point of view, can be considered
as the supergravity scalar fields (or Kähler coordinates sometimes) of the N = 2 space-time supermul-
tiplets when a flip of imaginary and real part is made because, the supergravity construction, imposes
certain constraints on the structure of the LEEA.When the orientifold projection Ωσ is considered,
the correspondence between vertex operators and supergravity moduli fields does not exist anymore
because the N = (2, 2) string states do not represent scalars of N = 1 chiral supermultiplets in d = 4.
A mixing between NSNS moduli and RR moduli due to the action of Ωσ occurs. As a consequence,
when one calculates string scattering amplitudes, one can extract the specific contribution of the real or
imaginary part of a given complex modulus, taking for instance a linear combination of the N = (2, 2)
SCFT vertex operators in order to mimic the scattering between the NSNS or RR moduli that survive
the Ωσ projection.
The two-dimensional non-linear sigma model (closed bosonic part) that describes the string propa-
gation in the background of Type IIB orientifold on T6/Z2×Z2, with orientifold projection performed
by the worldsheet parity operator Ω only, is
S =
1
4pi
∫
d2z
3∑
I=1
∂Xm(z)∂¯X¯n(z¯)(gI )mn(X) (3.11)
15 Also the fermionic vertex operators can be obtained by supersymmetry transformations.
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where due to the Ω projection, the metric g of the factorisable T6 =
⊗3
I=1T
2
I torus survives the
projection while the Kalb-Ramond B2 is projected out.
16 The metric and its inverse for each T2I torus
are respectively
(gI)mn =
T I2
U I2
(
1 U I1
U I1 |U I |2
)
(gI)mn =
1
T I2U
I
2
(|U I |2 −U I1
−U I1 1
)
(3.12)
with I ∈ {1, 2, 3} and [m,n] ∈ {[4, 5]; [6, 7]; [8, 9]}.17From the CFT point of view, the geometric un-
twisted moduli fields (3.10) describe the deformations of the underlying sigma-model, i.e. they are
the real parameters of the complex T2I tori. Thus U
I
1 and U
I
2 are the real and imaginary part of the
complex structure moduli U I(U¯ I) that parametrise the shape of the T2I torus, while the size of the T
2
I
torus is parametrised by T I2 , namely by the imaginary part of the complex Kähler moduli T
I(T¯ I) (the
real part comes form the RR C2-form and no longer from the NSNS B2-form). The definition of the
complex moduli in the CFT description is flipped with respect to the supergravity description of eq.
(3.10). Expanding (3.11), for instance, along the first torus T21 (the same would hold for the other two
T2 tori) new functions of internal bosonic field Xm can be defined
=
1
4pi
∫
d2z
[
∂X4∂¯X¯4
T 1
2
U1
2
+ ∂X4∂¯X¯5
T 1
2
U1
2
U11 + ∂X
5∂¯X¯4
T 1
2
U1
2
U11 + ∂X
5∂¯X¯5
T 1
2
U1
2
|U1|2
]
=
1
4pi
∫
d2z 2
[√
T 1
2
2U1
2
∂(X4 + U¯1X5)
√
T 1
2
2U1
2
∂¯(X¯4 + U1X¯5)
]
=
1
2pi
∫
d2z∂Z1(z)∂¯ ¯˜Z1(z¯) .
(3.13)
Here the new internal bosonic fields ZI , Z˜I are identified as[50]18
ZI(z) =
√
T I
2
2U I
2
(X2I+2 + U¯ IX2I+3)(z) , Z˜I(z) =
√
T I
2
2U I
2
(X2I+2 + U IX2I+3)(z)
Z¯I(z¯) =
√
T I
2
2U I
2
(X¯2I+2 + U¯ IX¯2I+3)(z¯) , ¯˜ZI(z¯) =
√
T I
2
2U I
2
(X¯2I+2 + U IX¯2I+3)(z¯)
(3.14)
while the supersymmetric partners, i.e the internal fermionic fields ΨI , Ψ˜I are [50]
ΨI(z) =
√
T I
2
2U I
2
(ψ2I+2 + U¯ Iψ2I+3)(z) , Ψ˜I(z) =
√
T I
2
2U I
2
(ψ2I+2 + U Iψ2I+3)(z)
Ψ¯I(z¯) =
√
T I
2
2U I
2
(ψ¯2I+2 + U¯ I ψ¯2I+3)(z¯) , ¯˜ΨI(z¯) =
√
T I
2
2U I
2
(ψ¯2I+2 + U Iψ¯2I+3)(z¯) .
(3.15)
3.1.1 Compactified vertex operators on S2 and D2
Using the previous definitions of internal bosonic (3.14) and fermionic fields (3.15), one can construct
the NS-NS vertex operators for the holomorphic (antiholomorphic) untwisted complex Kähler moduli
T I(T¯ I) and the untwisted complex structure moduli U I(U¯ I). The known holomorphic building block
for the NS sector for uncompactified states are
Vµ(−1)(k, z) = e−φψµ(z)eikX(z)
Vµ(0)(k, z) =
√
2
α′
(
i∂Xµ +
α′
2
(kψ)ψµ
)
eikX(z)
(3.16)
16 As known also the dilaton φ survives.
17 For instance I = 1→ [m,n] ∈ [4, 5].
18 we have changed bit the original definitions
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where (-1) and (0) are the ghost pictures. The tensor product with the antiholomorphic part, provides
the closed vertex operators in the NS-NS sector which reads [37]
W(k,E)(−1,−1) = Eµν : e−φψµeikX(z)e−φ¯ψ¯νeikX¯(z¯) :
W(k,E)(0,0) = Eµν
2
α′
:
(
i∂Xµ +
α′
2
(kψ)ψµ
)
eikX(z)
(
i∂¯X¯ν +
α′
2
(kψ¯)ψ¯ν
)
eikX¯(z¯) :
(3.17)
where the polarisation tensor Eµν encodes the properties of the state that the vertex has to rep-
resent. Taking the compactification of the vertex operators (3.17) on the underlying background
T6 =
⊗3
I=1T
2
I torus, the NS-NS vertex operator for the untwisted complex Kähler modulus T
I in the
canonical ghost picture (-1,-1) is
W
TI (−1,−1)
(E, k, z, z¯) = Emn[T
I ] : V(−1)(k, z)V(−1)(k, z¯) :=
(
∂(gI)mn
∂T I
)
: e−φψmeikX(z)e−φ¯ψ¯neikX¯(z¯) :
=
{(
∂(gI)
∂T I
)
[2I+2][2I+2]
: ψ[2I+2]ψ¯[2I+2] +
(
∂(gI)
∂T I
)
[2I+2][2I+3]
: ψ[2I+2]ψ¯[2I+3]
+
(
∂(gI)
∂T I
)
[2I+3][2I+2]
: ψ[2I+3]ψ¯[2I+2] +
(
∂(gI)
∂T I
)
[2I+3][2I+3]
: ψ[2I+3]ψ¯[2I+3]
}
e−φeikX(z)e−φ¯eikX¯(z¯) :
=
1
(T I−T¯ I)
{
T I2
U I2
: ψ[2I+2]ψ¯[2I+2] +
T I2U
I
1
U I2
: ψ[2I+2]ψ¯[2I+3] +
T I2U
I
1
U I2
: ψ[2I+3]ψ¯[2I+2]
+
T I2 |U I |2
U I2
: ψ[2I+3]ψ¯[2I+3]
}
e−φeikX(z)e−φ¯eikX¯(z¯) :
=
2
(T I−T¯ I) : Ψ˜
Ie−φeikX(z)Ψ¯Ie−φ¯eikX¯(z¯) :
(3.18)
where the polarisation tensor Emn[T
I ] can be determined taking the variation of the sigma-model (3.11)
respect to the complex Kähler modulus T I . The NS-NS vertex operator for the untwisted complex
structure modulus U I in the same ghost picture (-1,-1) reads
W
UI (−1,−1)
(E, k, z, z¯) = Emn[U
I ] : V(−1)(k, z)V(−1)(k, z¯) :=
(
∂(gI)mn
∂U I
)
: e−φψmeikX(z)e−φ¯ψ¯neikX¯(z¯) :
=
{
− T
I
2
(U I−U¯ I)U I2
: ψ[2I+2]ψ¯[2I+2] − T
I
2 U¯
I
(U I−U¯ I)U I2
: ψ[2I+2]ψ¯[2I+3] − T
I
2 U¯
I
(U I−U¯ I)U I2
ψ[2I+3]ψ¯[2I+2]
− T
I
2 (U¯
I)2
(U I−U¯ I)U I2
ψ[2I+3]ψ¯[2I+3]
}
e−φeikX(z)e−φ¯eikX¯(z¯) :
= − 2
(U I−U¯ I) : Ψ
Ie−φeikX(z)Ψ¯Ie−φ¯eikX¯(z¯) : .
(3.19)
From the N = (2, 2) SCFT point of view (3.18) and (3.19) can be written in a more general form [13]
W
TI (−1,−1)
(E , k, z, z¯) = EI
[
T I
]
: ∆I(z, z¯)e−φeikX(z)e−φ¯eikX¯(z¯) : , I = 1, . . ., h1,1
utw+
W
UI (−1,−1)
(E , k, z, z¯) = EI
[
U I
]
: ΣI(z, z¯)e−φeikX(z)e−φ¯eikX¯(z¯) : , I = 1, . . ., h2,1
utw+
(3.20)
where ∆I(z, z¯) and ΣI(z, z¯) are conformal field with conformal dimensions (h, h¯) = (1/2, 1/2) respect
to the internal N = (2, 2) SCFT and charged under the couple of U(1) currents (J, J¯): (1,-1) for
the field ∆I(z, z¯) and (-1,-1) for the field ΣI(z, z¯). The complex conjugate conformal field ∆¯I(z, z¯)
and Σ¯I have the same conformal dimensions and opposite charges. Here, the vertex operators for the
antiholomorphic complex Kähler modulus T¯ I and the complex structure modulus U¯ I in the (-1,-1)
ghost pictures and in the (0,0) ghost pictures are collected
W
T¯ I (−1,−1)
(E, k, z, z¯) = Emn[T¯
I ] : e−φψmeikX(z)e−φ¯ψ¯neikX¯(z¯) :
= − 2
(T I−T¯ I) : Ψ
Ie−φeikX(z) ¯˜ΨIe−φ¯eikX¯(z¯) :
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W
U¯I (−1,−1)
(E, k, z, z¯) = Emn[U¯
I ] : e−φψmeikX(z)e−φ¯ψ¯neikX¯(z¯) :
=
2
(U I−U¯ I)Ψ˜
Ie−φψmeikX(z) ¯˜ΨIe−φ¯ψ¯neikX¯(z¯) :
W
TI (0,0)
(E, k, z, z¯) =
2
α′
Emn[T
I ] :
(
i∂Xn+
α′
2
(kψ)ψn
)
eikX(z)
(
i∂¯X¯m+
α′
2
(kψ¯)ψ¯m
)
eikX¯(z¯) :
=
4
α′(T I−T¯ I) :
(
i∂Z˜I +
α′
2
(kψ)Ψ˜I
)
eikX(z)
(
i∂¯Z¯I +
α′
2
(kψ¯)Ψ¯I
)
eikX¯(z¯) :
W
T¯ I (0,0)
(E, k, z, z¯) =
2
α′
Emn[T¯
I ]
(
i∂Xm +
α′
2
(kψ)ψm
)
eikX(z)
(
i∂¯X¯n +
α′
2
(kψ¯)ψ¯n
)
eikX¯(z¯) :
= − 4
α′(T I−T¯ I) :
(
i∂ZI +
α′
2
(kψ)ΨI
)
eikX(z)
(
i∂¯ ¯˜ZI +
α′
2
(kψ¯) ¯˜ΨI
)
eikX¯(z¯) :
W
UI (0,0)
(E, k, z, z¯) =
2
α′
Emn[U
I ] :
(
i∂Xm +
α′
2
(kψ)ψm
)
eikX(z)
(
i∂¯X¯n +
α′
2
(kψ¯)ψ¯n
)
eikX¯(z¯) :
= − 4
α′(U I−U¯ I) :
(
i∂ZI +
α′
2
(kψ)ΨI
)
eikX(z)
(
i∂¯Z¯I +
α′
2
(kψ¯)Ψ¯I
)
eikX¯(z¯) :
W
U¯I (0,0)
(E, k, z, z¯) =
2
α′
Emn[U¯
I ] :
(
i∂Xm +
α′
2
(kψ)ψm
)
eikX(z)
(
i∂¯X¯n +
α′
2
(kψ¯)ψ¯n
)
eikX¯(z¯) :
=
4
α′(U I−U¯ I) :
(
i∂Z˜I +
α′
2
(kψ)Ψ˜I
)
eikX(z)
(
i∂¯ ¯˜ZI +
α′
2
(kψ¯) ¯˜ΨI
)
eikX¯(z¯) :
(3.21)
Such vertex operators can be of interest when calculation of string scattering amplitudes involve ori-
ented surfaces like the S2 sphere and the D2 disk.
3.1.2 Compactified vertex operators on RP2
When unoriented surface as the real projective plane RP2 is considered, the usual string vertex oper-
ators can not be used due to the presence of ΩP -planes induced by the action of Ωσ as indicated in
Table 1 [32, 37]. Closed vertex operators in a generic picture (q, q¯) for a generic ΩP -plane, represent
string states that are invariant under the Ωσ action and manifestly invariant under the involution
IRP2(z) = −1/z¯
W⊗(q,q¯)(k,E) =
1
2
(
EµνVµ(q)(k, z)Vν(q¯)(k, z¯) + EµνRµρRνγVρ(q¯)(kR, z¯)Vγ(q)(kR, z)
)
. (3.22)
This vertex is a symmetric combination of holomorphic and antiholomorphic vertices, since Ω operator
exchanges the left-movers with the right-movers of the string while the reflection matrix R, defined
in the next section (see eq. (3.27)), manifests the action of σ = In, that acts as a reflections in the
n directions perpendicular to the ΩP -plane. Moreover the operator In can be viewed as the result of
n ≡ (9 − p) T -dualities of Type I theory.19 For the untwisted moduli T I and U I the vertex operators
W⊗
(q,q¯)
in the (−1,−1), (0, 0) picture read
W⊗
TI (−1,−1)
(E, k, z, z¯) =
1
(T I−T¯ I)
{
:Ψ˜Ie−φeikX(z)Ψ¯Ie−φ¯eikX¯(z¯):+: ({L, k, z} ↔ {R, kR, z¯}) :
}
W⊗
T¯ I (−1,−1)
(E, k, z, z¯) = − 1
(T I−T¯ I)
{
:ΨIe−φeikX(z) ¯˜ΨIe−φ¯eikX¯(z¯):+: ({L, k, z} ↔ {R, kR, z¯}) :
}
19 For instance a single T -duality acts on the worldsheet parity operator Ω as T−1ΩT = ΩI1.
19
W⊗
UI (−1,−1)
(E, k, z, z¯) = − 1
(U I−U¯ I)
{
:ΨIe−φeikX(z)Ψ¯Ie−φ¯eikX¯(z¯): + : ({L, k, z} ↔ {R, kR, z¯}) :
}
W⊗
U¯I (−1,−1)
(E, k, z, z¯) =
1
(U I−U¯ I)
{
:Ψ˜Ie−φeikX(z) ¯˜ΨIe−φ¯eikX¯(z¯): + : ({L, k, z} ↔ {R, kR, z¯}) :
}
W⊗
TI (0,0)
(E, k, z, z¯) =
2
α′(T I−T¯ I)
{
:
(
i∂Z˜I +
α′
2
(kψ)Ψ˜I
)
eikX(z)
(
i∂¯Z¯I +
α′
2
(kψ¯)Ψ¯I
)
eikX¯(z¯) :
+ : ({L, k, z} ↔ {R, kR, z¯}) :
}
W⊗
T¯ I (0,0)
(E, k, z, z¯) = − 2
α′(T I−T¯ I)
{
:
(
i∂ZI +
α′
2
(kψ)ΨI
)
eikX(z)
(
i∂¯ ¯˜ZI +
α′
2
(kψ¯) ¯˜ΨI
)
eikX¯(z¯) :
+ : ({L, k, z} ↔ {R, kR, z¯}) :
}
W⊗
UI (0,0)
(E, k, z, z¯) = − 2
α′(U I − U¯ I)
{
:
(
i∂ZI +
α′
2
(kψ)ΨI
)
eikX(z)
(
i∂¯Z¯I +
α′
2
(kψ¯)Ψ¯I
)
eikX¯(z¯)
+ : ({L, k, z} ↔ {R, kR, z¯}) :
}
W⊗
U¯I (0,0)
(E, k, z, z¯) =
2
α′(U I−U¯ I)
{
:
(
i∂Z˜I +
α′
2
(kψ)Ψ˜I
)
eikX(z)
(
i∂¯ ¯˜ZI +
α′
2
(kψ¯) ¯˜ΨI
)
eikX¯(z¯) :
+ : ({L, k, z} ↔ {R, kR, z¯}) :
}
(3.23)
where the building block (3.16) and the polarisation tensor Emn
[
T I(U I)
]
coming from the variation
of the sigma model (3.11) respect to T I(U I) have been used.
3.1.3 two-point functions for the Z,Ψ system
It is know that, when string scattering amplitudes on surfaces with boundaries as the D2 disk are
considered, the two-point functions need to be modified owing to the Z2 involution ID2(z) = z¯ that
acts on the complex plane C (S2) giving the upper half planes H+(D2). This implies an interaction
between the left- and right-moving parts of closed string fields [37, 27], giving
〈∂XM (z1)∂¯X¯N (z¯2)〉D2 = −
α′
2
RMN
(z1 − z¯2)2〈
ψM (z1)ψ¯
N (z¯2)
〉
D2
=
RMN
(z1 − z¯2)〈
φ(z1)φ¯(z¯2)
〉
D2
= − ln(z1 − z¯2)
(3.24)
where the non trivial interaction between holomorphic and antiholomorphic part can be obtained using
the doubling trick.20 In this way each right-moving field of the closed string vertex operator is replaced
by
X¯M (z¯)→RMNXN (z¯) , ψ¯M (z¯)→RMNψN (z¯) , φ¯(z¯) .→ φ(z¯) (3.25)
With the help of the standard two-point functions on the sphere [37, 27], obtaining (3.24) on the disk
is straightforward. The presence of both closed and open strings, especially for the latter, involves
the presence of D-brane on which one can impose Neumann or Dirichlet (or mixed ones) boundary
20 Extend the fields to the entire complex plane.
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conditions on the directions parallel and transverse to the brane, respectively. The reflection matrix
R allows imposing the above conditions.
RMN =
{
gab , a, b = 0, . . . , p (NN)
−gij , i, j = p+ 1, . . . , 9 (DD) M = 0, . . . , 9 (3.26)
Neumann boundary conditions are imposed on coordinates Xa(ψa) for 0 ≤ a ≤ p and Dirichlet
boundary conditions on coordinates Xi(ψi) for p + 1 ≤ i ≤ 9. In this paper we don’t consider the
mixed boundary conditions case, i.e ND (DN).21
When orbifolds compactifications are considered, one has to specify both vertex operators (sections
3.1.1 and 3.1.2) and two-point functions associated to the internal part that locally, aside singular
points, looks like a T6 torus. In our case the internal six-torus factorizes as T6 =
⊗3
I=1T
2
I and the
matrix R (3.26) in the internal directions takes the form
Rmn =
{
(gI)mn (NN)
−(gI)mn (DD) . (3.27)
In (3.27) the metric and the associated boundary conditions refers to the T2-torus that the specific
D-brane wraps (as discussed at the beginning of Section 3), with the index {I,m, n} the same of (3.12).
In the case of D9-branes (3.27) that are characterised only by Neumann boundary conditions as they
wrap the full T6, eq. (3.27) reads
RmnD9 =
3⊗
I=1
(gI)mn (NN) , [m,n] ∈ {[4, 5]; [6, 7]; [8, 9]} . (3.28)
Taking for instance the set of D51 out of the three sets of D5-branes, one has
RmnD51 =
{
(g1)mn (NN)
−(g1)mn (DD) , [m,n] ∈ [4, 5] (3.29)
where the Neumann boundary conditions refers to the T21 torus that D51 branes wrap, while the
Dirichlet boundary conditions refer to the T22 ⊗T23 torus transverse to the D51 branes.22 Concerning
the correlators on the S2 sphere, one has for the internal bosonic fields Z (3.14) [50]
〈∂ZI(z1)∂Z˜J(z2)〉S2 =
√
T I
2
2U I
2
√
T J
2
2UJ
2
[
〈∂X2I+2(z1)∂X2J+2(z2)〉+ U¯ I〈∂X2I+3(z1)∂X2J+2(z2)〉
+ UJ〈∂X2I+2(z1)∂X2J+3(z2)〉+ U¯ IUJ〈∂X2I+3(z1)∂X2J+3(z2)〉
]
= −
√
T I
2
2U I
2
√
T J
2
2UJ
2
α′
2(z1 − z2)2
[
g[2I+2][2J+2] + U¯ Ig[2I+3][2J+2] + UJg[2I+2][2J+3] + U¯ IUJg[2I+3][2J+3]
]
= − α
′δI,J
2(z1 − z2)2
(3.30)
〈∂ZI(z1)∂ZJ(z2)〉S2 =
√
T I
2
2U I
2
√
T J
2
2UJ
2
[
〈∂X2I+2(z1)∂X2J+2(z2)〉+ U¯ I〈∂X2I+3(z1)∂X2J+2(z2)〉
+ U¯J〈∂X2I+2(z1)∂X2J+3(z2)〉+ U¯ I U¯J〈∂X2I+3(z1)∂X2J+3(z2)〉
]
= −
√
T I
2
2U I
2
√
T J
2
2UJ
2
α′
2(z1 − z2)2
[
g[2I+2][2J+2] + U¯ Ig[2I+3][2J+2] + U¯Jg[2I+2][2J+3] + U¯ I U¯Jg[2I+3][2J+3]
]
= 0
(3.31)
21 That enters when twisted fields are considered.
22 Dirichlet boundary conditions refer to the internal directions where the D51 branes are fixed.
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where in (3.30) the δI,J is due to the vanishing of the off diagonal block matrix g
mn when I 6= J , while
(3.31) vanishes also in the case I = J . The two-point functions for the compactified bosons Z on the
sphere are
〈∂ZI(z1)∂ZJ (z2)〉S2 = 〈∂Z˜I(z1)∂Z˜J (z2)〉S2 = 〈∂¯Z¯I(z¯1)∂¯Z¯J(z¯2)〉S2 = 〈∂¯
¯˜ZI(z¯1)∂¯
¯˜ZJ(z¯2)〉S2 = 0
〈∂ZI(z1)∂Z˜J (z2)〉S2 = −
α′δI,J
2(z1 − z2)2 , 〈∂¯Z¯
I(z¯1)∂¯
¯˜ZJ(z¯2)〉S2 = −
α′δI,J
2(z¯1 − z¯2)2
(3.32)
while for the compactified fermions Ψ (3.15) one has
〈ΨI(z1)ΨJ(z2)〉S2 = 〈Ψ˜I(z1)Ψ˜J(z2)〉S2 = 〈Ψ¯I(z¯1)Ψ¯J(z¯2)〉S2 = 〈
¯˜ΨI(z¯1)
¯˜ΨJ(z¯2)〉S2 = 0
〈ΨI(z1)Ψ˜J(z2)〉S2 =
δI,J
(z1 − z2) , 〈Ψ¯
I(z¯1)
¯˜ΨJ(z¯2)〉S2 =
δI,J
(z¯1 − z¯2)
(3.33)
where in the fermionic analog of (3.30), (3.31) the standard fermonic correlator on the sphere is used
[37, 27]. To generalize the result to the D2 disk, one has to calculate the correlators on the upper-half
plane H+. First of all using the doubling trick one is able to replace the right part according to the
formulae
Z¯I(z¯)→RIZI(z¯) , ¯˜ZI(z¯)→RI Z˜I(z¯) , Ψ¯I(z¯)→RIΨ(z¯) , ¯˜ΨI(z¯)→RIΨ˜I(z¯) (3.34)
where the reflection matrix R expressed in a non compact form isRI = (RI)mn with {I,m, n} as (3.12).
More specifically, one can use (RI)mn = RIa(gI)mn with RIa equal to +1(−1) for NN(DD)-directions,
(gI)mn the internal metric (3.12) and a labels the type of DP -brane. Examples of correlators for the
boson fields Z on H+ are
〈∂ZI(z1)∂¯ ¯˜ZJ(z¯2)〉D2 = 〈∂ZI(z1)∂¯Z˜J(z¯2)〉S2RJ
=
√
T I
2
2U I
2
√
T J
2
2UJ
2
[
(RJ)[2J+2][2J+2]〈∂X2I+2(z1)∂X2J+2(z¯2)〉+ U¯ I(RJ)
[2J+2]
[2J+2]〈∂X2I+3(z1)∂X2J+2(z¯2)〉
+ UJ(RJ)[2J+3][2J+3]〈∂X2I+2(z1)∂X2I+3(z¯2)〉+ U¯ IUJ(RJ )
[2J+3]
[2J+3]〈∂X2I+3(z1)∂X2J+3(z¯2)〉
]
= −
√
T I
2
2U I
2
√
T J
2
2UJ
2
α′
2(z1 − z¯2)2
[
(RJ)[2J+2][2I+2] + U¯ I(RJ)[2J+2][2I+3] + UJ(RJ )[2J+3][2I+2]
+ U¯ IUJ(RJ)[2J+3][2I+3]
]
= − α
′RJa δI,J
2(z1 − z¯2)2
(3.35)
〈∂ZI(z1)∂¯Z¯J(z¯2)〉D2 = 〈∂ZI(z1)∂¯ZJ(z¯2)〉S2RJ
=
√
T I
2
2U I
2
√
T J
2
2UJ
2
[
(RJ)[2I+2][2I+2]〈∂X2I+2(z1)∂X2J+2(z¯2)〉+ U¯ I(RJ )
[2J+2]
[2J+2]〈∂X2I+3(z1)∂X2J+2(z¯2)〉
+ U¯J(RJ )[2J+3][2J+3]〈∂X2I+2(z1)∂X2J+3(z¯2)〉+ U¯ I U¯J(RJ)
[2J+3]
[2J+3]〈∂X2I+3(z1)∂X2J+3(z¯2)〉
]
= −
√
T I
2
2U I
2
√
T J
2
2UJ
2
α′
2(z1 − z¯2)2
[
(RJ )[2J+2][2I+2] + U¯ I(RJ)[2J+2][2I+3] + U¯J(RJ)[2J+3][2I+2]
+ U¯ I U¯J(RJ )[2J+3][2I+3]
]
= 0
(3.36)
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where (RJ)mn = (δJ )mn and the δI,J has been used as in the sphere case. Thus, besides (3.32) and
(3.33), one has
〈∂ZI(z1)∂¯Z¯J(z¯2)〉D2 = 0 〈∂Z˜I(z1)∂¯
¯˜ZJ(z¯2)〉D2 = 0 ,
〈∂ZI(z1)∂¯ ¯˜ZJ(z¯2)〉D2 = −
α′RJa δI,J
2(z1 − z¯2)2 , 〈∂Z˜
I(z1)∂¯Z¯
J(z¯2)〉D2 = −
α′RJa δI,J
2(z1 − z¯2)2
(3.37)
for the compactified bosons Z and
〈ΨI(z1)Ψ¯J(z¯2)〉D2 = 0 , 〈Ψ˜I(z1)
¯˜ΨJ(z¯2)〉D2 = 0 ,
〈ΨI(z1) ¯˜ΨJ(z¯2)〉D2 =
RJa δI,J
(z1 − z¯2) , 〈Ψ˜
I(z1)Ψ¯
J(z¯2)〉D2 =
RJa δI,J
(z1 − z¯2)
(3.38)
for the compactified fermions Ψ.23 At tree level the presence of ΩP -planes in orientifold models suggest
that one has to consider the internal bosonic and fermionic correlators on real projective plane RP2.
Taking the action of the Z2 involution to be IRP2(z) = −1/z¯ on S2, one obtains the RP2, which is a
disk D2 with antipodal points on the boundary identified [56, 32, 37]. The basic two-point functions
on the RP2, employing the method of images and the doubling trick, are [37]
〈XM (z)X¯N (w¯)〉
RP2
= −α
′
2
RMN ln(1 + zw¯)
〈ψ(z)M ψ¯N (w¯)〉
RP2
=
RMN
(1 + zw¯)
〈φ(z)φ¯(w¯)〉
RP2
= − ln(1 + zw¯)
(3.39)
with RMN the reflection matrix of eq. (3.26). The two-point functions for the compactified bosons
Z and fermions Ψ can be computed using the building block (3.39), the correlators on the sphere S2
(3.32) and (3.33), respectively. They differ from those on H+ only for the zw¯ dependence and for the
compactified bosons and for the compactified fermions read
〈∂ZI(z1)∂¯Z¯J(z¯2)〉RP2 = 0 〈∂Z˜I(z1)∂¯
¯˜ZJ(z¯2)〉RP2 = 0 ,
〈∂ZI(z1)∂¯ ¯˜ZJ(z¯2)〉RP2 = −
α′RJαδI,J
2(1 + z1z¯2)2
, 〈∂Z˜I(z1)∂¯Z¯J(z¯2)〉RP2 = −
α′RJαδI,J
2(1 + z1z¯2)2
(3.40)
〈ΨI(z1)Ψ¯J(z¯2)〉RP2 = 0 , 〈Ψ˜I(z1)
¯˜ΨJ(z¯2)〉RP2 = 0 ,
〈ΨI(z1) ¯˜ΨJ(z¯2)〉RP2 =
RJαδI,J
(1 + z1z¯2)
, 〈Ψ˜I(z1)Ψ¯J z¯2)〉RP2 =
RJαδI,J
(1 + z1z¯2)
(3.41)
where RIα that is +1(−1) for NN(DD)-directions and α labels the type of ΩP -planes one is .
4 Scattering Amplitudes of the closed untwisted moduli
in Type IIB T 6/Z2 × Z2 orientifold
In this section string scattering amplitudes with two untwisted closed string moduli on the D2 disk
[50] are reviewed and extended to the real projective plane RP2 worldsheet surface, as needed at tree-
level when unoriented string models are considered. String scattering amplitudes on the D2 disk with
fundamental region the upper-half plane H+ that we will compute are
23 Since we are not taking fluxes the matrix R has only diagonal components and one is in the simplified case of [50, 51],
in which one has to send the fluxes f I to zero.
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Aa
(
T I , T¯ J
)
+Aa
(
T I , T J
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
(
〈WT I (z1, z¯1)WT¯J (z2, z¯2)〉+ 〈WT I (z1, z¯1)WTJ (z2, z¯2)〉
)
Aa
(
U I , U¯J
)
+Aa
(
U I , UJ
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
(
〈WUI (z1, z¯1)WU¯J (z2, z¯2)〉+ 〈WUI (z1, z¯1)WUJ (z2, z¯2)〉
)
Aa
(
T I , U¯J
)
+Aa
(
T I , UJ
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
(
〈WT I (z1, z¯1)WU¯J (z2, z¯2)〉+ 〈WT I (z1, z¯1)WUJ (z2, z¯2)〉
)
+ (T ↔ U)
(4.1)
where the different kinds of D-branes are labelled by a ∈ {9, 5I}. On the real projective plane RP2
the string scattering amplitudes involving the same states taking the unit disk |z| ≤ 1 as fundamental
region, reads
Aα
(
T I , T¯ J
)
+Aα
(
T I , T J
)
= g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
(
〈W⊗
T I
(z1, z¯1)W⊗T¯J (z2, z¯2)〉+ 〈W⊗T I (z1, z¯1)W⊗TJ (z2, z¯2)〉
)
Aα
(
U I , U¯J
)
+Aα
(
U I , UJ
)
= gsCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
(
〈W⊗
UI
(z1, z¯1)W⊗U¯J (z2, z¯2)〉+ 〈W⊗UI (z1, z¯1)W⊗UJ (z2, z¯2)〉
)
Aα
(
T I , U¯J
)
+Aα
(
T I , UJ
)
= gsCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
(
〈W⊗
T I
(z1, z¯1)W⊗U¯J (z2, z¯2)〉+ 〈W⊗T I (z1, z¯1)W⊗UJ (z2, z¯2)〉
)
+ (T ↔ U)
(4.2)
with α ∈ {9, 5I} that label the different kinds of Ω-planes. In Section 3.1 the derivation of the
compactified vertex operators and the structure that enters in the specific scattering amplitudes were
provided. Moreover the doubling trick needed to make the correlation among the left and the right
field, for convenience, will not be manifest in the definition of the vertex operators, as in Section 2.
4.1 AD2a
(
T I , T¯ J
)
and AD2a
(
T I , T J
)
Let start with the first set of string scattering amplitudes in (4.1) that involves two untwisted Kähler
moduli T I .
Aa
(
T I , T¯ J
)
The amplitude which mixes T and T¯ Kähler moduli are given by
Aa
(
T I , T¯ J
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
〈WT I(−1,−1)(E1, k1, z1, z¯1)WT¯J (0,0)(E2, k2, z2, z¯2)〉
= − 8g
2
cCD2
α′(T I − T¯ I)(T J − T¯ J)
∫
H+
d2z1d
2z2
VCKG
〈: e−φΨ˜Ieik1X(z1)e−φ¯Ψ¯Ieik1X¯(z¯1) :(
i∂ZJ+
α′
2
(
k2ψ
)
ΨJ
)
eik2X(z2)
(
i∂¯ ¯˜ZJ+
α′
2
(
k2ψ¯
) ¯˜ΨJ)eik2X¯(z¯2) :〉
= − 8g
2
cCD2
α′(T I − T¯ I)(T J − T¯ J)
∫
H+
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ¯(z¯1) :〉
(
M(1) +M(2) +M(3) +M(4)
)
(4.3)
where with M(i)’s (i = 1, 2, 3, 4) we denote all the possible different contractions. For instance, for
M(1) one gets
M(1) = 〈: Ψ˜Ieik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂ZJeik2X(z2)i∂¯ ¯˜ZJeik2X¯(z¯2) :〉 . (4.4)
For the uncompactified fields the relevant two-point functions are given in (2.5) 24. For the compactified
fields the two-point functions can be found in equations (3.32), (3.33), (3.37) and (3.38).
24 Where in (2.5) one has to reinsert the reflection matrix R on the two points correlation function which involves left
and right field.
24
The explicit derivation of the form ofM(i)’s and the explanation of why some combinations vanish are
given in Appendix A.6 of ref. [63]. Putting all together one gets
Aa
(
T I , T¯ J
)
=− 8g
2
cCD2
α′(T I−T¯ I)(T J−T¯ J)
∫
H+
d2z1d
2z2
VCKG
( |z1−z¯1||z2−z¯2|
|z1−z¯2|2
)−α′s( |z1−z2|2
|z1−z¯2|2
)−α′ t
4 1
(z1−z¯1)(
α′RIaRJa
2(z1−z¯1)(z2−z¯2)2 +
α′2s RIaRJa
2(z2−z¯2)(z1−z¯1)(z2−z¯2) −
α′2s δI,J
2(z2−z¯2)(z1−z2)(z¯1−z¯2)
)
(4.5)
Using the PSL(2, R) symmetry (see (2.6) and refs. [27, 28, 29]) in order to fix vertex operators at the
points
z1 = i, z¯1 = −i, z2 = iy, z¯2 = −iy (4.6)
and inserting the c-ghost determinant of eq. (2.15), one obtains
8g2cCD2
(T I−T¯ I)(T J−T¯ J)
∫ 1
0
dy
(
4y
(1+y)2
)−α′s((1−y)2
(1+y)2
)−α′ t
4
4(1−y2)
(
(−1− α′s)RIaRJa
16y2
− α
′s δI,J
4y(1−y)2
)
.
(4.7)
Exploiting the substitution (2.18) [27, 28, 29] and the Γ function properties eq. (4.7) becomes
Aa
(
T I , T¯ J
)
=
8g2cCD2
(T I−T¯ I)(T J−T¯ J)
{
α′
t
4
R
I
aR
J
a
(
α′s+α′
t
4
)
+α′s δI,J
(
α′s+α′
t
4
)}Γ(−α′s)Γ(−α′t/4)
Γ(−α′s−α′t/4+1) .
(4.8)
Naturally two different kind of contributions are present, the diagonal one with (RJa )
2 = 1
• I = J
8g2cCD2
(T I−T¯ I)2
(
α′s+
α′t
4
)2 Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4+1) =
Aa(T I , T¯ I) =
8g2cCD2
(T I−T¯ I)2
{
4s
t
+
t
4s
+2+
α′2 u2
16
(−ζ(2) +O(α′))} (4.9)
and the off-diagonal one
• I 6= J
8g2cCD2R
I
aR
J
a
(T I − T¯ I)(T J − T¯ J)
α′t
4
(
α′s+
α′t
4
) Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4+1) =
Aa(T I , T¯ J) = 8 g
2
cR
I
aR
J
a
(T I−T¯ I)(T J−T¯ J)
{
1+
t
4s
−α
′2tu
16
(−ζ(2) +O(α′))} (4.10)
where, as in [32, 50], we have used the gamma function expansion
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4+1) =
1
α′2
4
st
− ζ(2) +O(α′) . (4.11)
Aa
(
T I , T J
)
Considering the (T, T ) pair, i.e the pair of two T Kähler moduli (the same would hold for a pair of T¯ )
rather than the Kähler moduli pair (T, T¯ ), the resulting scattering, to which the amplitude (4.8) need
25
to be added, provides informations on the geometrical modulus T I2 (imaginary part of T ), as we will
see at the end of this section. As before, detailing our computation, we get
Aa
(
T I , T J
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
〈:W
TI (−1,−1)
(E1, k1, z1, z¯1)W
TJ (0,0)
(E2, k2, z2, z¯2)〉
=
8g2cCD2
α′(T I − T¯ I)(T J − T¯ J)
∫
H+
d2z1d
2z2
VCKG
〈: Ψ˜Ie−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂Z˜J +
α′
2
(
k2ψ
)
Ψ˜J
)
eik2X(z2)
(
i∂¯Z¯J +
α′
2
(
k2ψ¯
)
Ψ¯J
)
eik2X¯(z¯2) :〉
=
8g2cCD2
α′(U I − U¯ I)(UJ − U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ¯(z¯1) :〉
(
M(1) +M(2) +M(3) +M(4)
)
(4.12)
where the opportune vertex operators from Section (3.1) have been taken. We report here the expres-
sion of M1 as an example of the several M(i)’s terms entering the previous formula
M1 = 〈: Ψ˜Ieik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂Z˜Jeik2X(z2)i∂¯Z¯Jeik2X¯(z¯2) :〉 . (4.13)
The other M(i)’s (that can be obtained using (2.5) and (3.32), (3.33), (3.37) as well as (3.38)) can be
found in the Appendix A.6 of ref. [63]. Exploiting the PSL(2, R) symmetry to fix the vertex operators
at the points (4.6) gives
8g2cCD2
(T I−T¯ I)(T J−T¯ J)
∫ 1
0
dy
(
4y
(1+y)2
)−α′s((1−y)2
(1+y)2
)−α′ t
4
4(1−y2)
(
(1+α′s)RIaRJa
16y2
− α
′s δI,J(RIa)2
4y(1+y)2
)
(4.14)
that after the change of variable (2.18) leads to
Aa
(
T I ,T J
)
=
8gsCD2
(T I−T¯ I)(T J−T¯ J)
{
R
I
aR
J
a
α′t
4
(
−α′s−α′ t
4
)
+δI,J(R
I
a)
2α
′2t s
4
}
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s−α′t/4+1) .
(4.15)
The diagonal and off-diagonal cases are, respectivelly
• I = J
8g2cCD2
(T I − T¯ I)2
(
−α′2 t
2
16
)
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4 + 1) =
Aa
(
T I , T I
)
=
8g2cCD2
(T I − T¯ I)2
{
− t
4s
− α′2 t
2
16
(−ζ(2) +O(α′))} (4.16)
• I 6= J
8g2cCD2R
I
aR
J
a
(T I − T¯ I)(T J − T¯ J)
(
α′
t
4
)(
−α′s− α′ t
4
)
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4 + 1) =
Aa
(
T I , T J
)
= − 8g
2
cCD2R
I
aR
J
a
(T I − T¯ I)(T J − T¯ J)
{
1+
t
4s
−α
′2tu
16
(−ζ(2) +O(α′))} . (4.17)
As we said in Section 3.1, the vertex operator associated to the NS-NS untwisted modulus field T I2
(the imaginary part of the complex Kähler moduli T I), is given by the linear combination
WT I2 (q,q¯)(E, z, z¯, k) = −
i
2
(
WT I(q,q¯)(E, z, z¯, k)−WT¯ I(q,q¯)(E, z, z¯, k)
)
. (4.18)
Thus the true string scattering amplitude that involves two NS-NS untwisted moduli T I2 is
Aa(T I2 , T J2 ) =
1
4
(Aa (T¯ I , T J)−Aa (T I , T J)−Aa (T¯ I , T¯ J)+Aa (T I , T¯ J)) . (4.19)
The results for the two distinct cases using (4.8), (4.15) are 25
25 The same results hold for (T¯ , T¯ ) and (T¯ , T ) amplitudes
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• I = J
Aa(T I2 , T I2 ) =
4g2cCD2
(T I − T¯ I)2
{
4s
t
+
t
2s
+ 2 + α′2
(
u2 + t2
)
16
(−ζ(2) +O(α′))} (4.20)
• I 6= J
Aa(T I2 , T J2 ) =
8g2cCD2R
I
aR
J
a
(T I − T¯ I)(T J − T¯ J)
{
1 +
t
4s
− α′2 tu
16
(−ζ(2) +O(α′))} (4.21)
where on the D9-branes a = 9 and RI9 = +1, while on the D5I -branes a = 5I one has R
I
5I
= +1 and
RJ5I
= −1. As aspected, there are no off-diagonal mixing at tree level for the kinetic terms between
different Kähler moduli T I2 because the closed t-pole channel is absent in (4.21), while (4.20) suggests
that the Kähler potential has the expected structure of eq. (3.9) [50, 13, 48, 33].
4.2 AD2a
(
U I , U¯J
)
and AD2a
(
U I , UJ
)
The next set of amplitudes in (4.1) involves two complex structure moduli U I . A part from the different
vertex operator definition for the complex structure U I , the main steps leading the calculation of the
relevant scattering amplitudes are the same as for the Kähler modulus T I .
Aa
(
U I , U¯J
)
Aa
(
U I , U¯J
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
〈:W
UI (−1,−1)
(E1, k1, z1, z¯1)W
U¯J (0,0)
(E2, k2, z2, z¯2)〉
= − 8g
2
cCD2
α′(U I − U¯ I)(UJ − U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: ΨIe−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂Z˜J +
α′
2
(
k2ψ
)
Ψ˜J
)
eik2X(z2)
(
i∂¯ ¯˜ZJ +
α′
2
(
k2ψ¯
) ¯˜ΨJ)eik2X¯(z¯2) :〉
= − 8g
2
cCD2
α′(U I − U¯ I)(UJ − U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ¯(z¯1) :〉
(
M(1) +M(2) +M(3) +M(4)
)
(4.22)
that with the help of (2.5), (3.32), (3.33), (3.37) and (3.38), lead to M’s contractions of the kind
M(1) = 〈: ΨIeik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂Z˜Jeik2X(z2)i∂¯ ¯˜ZJeik2X¯(z¯2) :〉 . (4.23)
Details on all M(i)’s are collected in Appendix A.6 of ref. [63]. The net result for the amplitude for
the pair (U I , U¯J ) is
Aa
(
U I , U¯J
)
=− 8gsCD2
α′(U I−U¯ I)(UJ−U¯J)
∫
H+
d2z1d
2z2
VCKG
( |z1−z¯1||z2−z¯2|
|z1−z¯2|2
)−α′s( |z1−z2|2
|z1−z¯2|2
)−α′t 1
(z1 − z¯1){
− α
′2s (RIa)2δI,J
2(z2 − z¯2)(z1 − z¯2)(z2 − z¯1) −
α′2s δI,J
(z2 − z¯2)(z1 − z2)(z¯1 − z¯2)
}
.
(4.24)
Exploiting (4.6) to fix the vertex operators and inserting c-ghost determinant (2.15) the previous
expression becomes
− δI,J
8gsCD2
(U I−U¯ I)(UJ−U¯J)(α
′ s)
∫ 1
0
dy
(
4y
(1+y)2
)−α′s((1−y)2
(1+y)2
)−α′ t
4
(
(1+y)
y(1−y)−
(RIa)
2(1−y)
y(1+y)
)
.
(4.25)
Finally after the change of variable (2.18), using (RIa)
2 = 1 one gets
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Aa
(
U I , U¯J
)
= δI,J
8gsCD2
(U I−U¯ I)(UJ−U¯J) (α
′2s2)
Γ(−α′s)Γ(−α′t/4)
Γ(−α′s− α′t/4+1) . (4.26)
Separating the diagonal from the off-diagonal case and using the gamma function expansion (4.11),
one finds
• I = J
Aa(U I , U¯ I) =
8gsCD2
(U I−U¯ I)2
{
4s
t
+ α′2s2
(−ζ(2) +O(α′))} (4.27)
• I 6= J
Aa(U I , U¯J ) = 0 (4.28)
giving the same results in all cases a ∈ {9, 5I}. Upon computing the amplitude which involves the
complex structure moduli pair (U I , UJ ) we anticipate that one arrives at a vanishing result.
Aa
(
U I , UJ
)
Considering the vertex operators in Section (3.1) one has
Aa
(
U I , UJ
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
〈:W
UI (−1,−1)
(E1, k1, z1, z¯1)W
UJ (0,0)
(E2, k2, z2, z¯2)〉
=
8g2cCD2
α′(U I − U¯ I)(UJ − U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: ΨIe−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂ZJ +
α′
2
(
k2ψ
)
ΨJ
)
eik2X(z2)
(
i∂¯Z¯J +
α′
2
(
k2ψ¯
)
Ψ¯J
)
eik2X¯(z¯2) :〉
=
8g2cCD2
α′(U I − U¯ I)(UJ − U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ¯(z¯1) :〉
(
M(1) +M(2) +M(3) +M(4)
)
(4.29)
where we notice that the specific combinations of two-point functions (3.32), (3.33), (3.37) and (3.38),
occuring in the M(i)’s for the computation of the compactified field, are responsible for the vanishing
of all the M(i) terms. As an example we report the expression of M(1)
M(1) = 〈: ΨIeik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂ZJeik2X(z2)i∂¯Z¯Jeik2X¯(z¯2) :〉 (4.30)
while for the others see Appendix A.6 of ref. [63]. Thus owing to the vanishing of some two-point
correlation functions, the final result is
Aa
(
U I , UJ
)
= 0 (4.31)
independently of whether I = J or I 6= J . The complex structure U I moduli is a purely geometrical
moduli therefore no vertex redefinition is needed in contrast to the Kähler modulus T I2 . Thus (4.31)
and (4.28) show that there is no mixing between different complex structure U moduli, while (4.27) is
in agreement with the form of the tree-level Kähler potential for this model (3.9) [50, 13, 48, 33].
4.3 AD2a
(
T I , U¯J
)
and AD2a
(
T I , UJ
)
The last set of amplitudes in (4.1) involves one Kähler modulus T I and one complex structure modulus
UJ . We anticipate that this kind of amplitudes are zero. For this reason we give less details here in
contrast to the previous cases.
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Aa
(
T I , U¯J
)
The amplitude which involves the pair (T, U¯), given the explicit form of vertex operator taken from
the Section (3.1), is
Aa
(
T I , U¯J
)
= g2cCD2
∫
H+
d2z1d
2z2
VCKG
〈WT I (−1,−1)(E1, k1, z1, z¯1)WU¯J (0,0)(E2, k2, z2, z¯2)〉
=
8g2cCD2
α′(T I − T¯ I)(UJ − U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: Ψ˜Ie−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂Z˜J +
α′
2
(
k2ψ
)
Ψ˜J
)
eik2X(z2)
(
i∂¯ ¯˜ZJ +
α′
2
(
k2ψ¯
) ¯˜ΨJ)eik2X¯(z¯2) :〉
=
8g2cCD2
α′(T I−T¯ I)(UJ−U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ¯(z¯1) :〉
(
M(1) +M(2) +M(3) +M(4)
)
(4.32)
where as one can see in Appendix A.6 of ref. [63], all the M(i) terms are zero due to the vanishing of
the particular two-point functions that enter theM(i) definition. So the amplitude is zero when I = J ,
I 6= J and for a ∈ {9, 5I}
Aa(T I U¯J) = 0 (T ↔ U) . (4.33)
Aa
(
T I , UJ
)
The same happens for the second amplitude in this specific set
Aa
(
T I , UJ
)
= − g2cCD2
∫
H+
d2z1d
2z2
VCKG
〈WT I (−1,−1)(E1, k1, z1, z¯1)WUJ (0,0)(E2, k2, z2, z¯2)〉
= − 8g
2
cCD2
α′(T I − T¯ I)(UJ − U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: Ψ˜Ie−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂ZJ +
α′
2
(
k2ψ
)
ΨJ
)
eik2X(z2)
(
i∂¯Z¯J +
α′
2
(
k2ψ¯
)
Ψ¯J
)
eik2X¯(z¯2) :〉
= − 8g
2
cCD2
α′(T I−T¯ I)(UJ−U¯J)
∫
H+
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ¯(z¯1) :〉
(
M(1) +M(2) +M(3) +M(4)
)
.
(4.34)
For the same reasons (there is no difference between I = J and I 6= J) one finds
Aa
(
T I , UJ
)
= 0 . (4.35)
as one can see from the Appendix A.6 of ref. [63]. To be rigorous also in this case one should take the
vertex for the NS-NS T I2 Kähler modulus (4.18), but the result will be same. So equations (4.35) and
(4.33) confirm again the structure of the Kähler potential (3.9).
4.4 ARP2α
(
T I , T¯ J
)
and ARP2α
(
T I , T J
)
The technology we have applied to the scattering amplitude on RP2 worldsheet for the uncompactified
model is useful to understand how one has to deal with the scattering of two moduli on RP2 when
compactified model is considered. The set of the relevant amplitudes involving untwisted moduli
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calculated are
Aα
(
T I , T¯ J
)
+Aα
(
T I , T J
)
= g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
(
〈W⊗
T I
(z1, z¯1)W⊗T¯J (z2, z¯2)〉+ 〈W⊗T I (z1, z¯1)W⊗TJ (z2, z¯2)〉
)
Aα
(
U I , U¯J
)
+Aα
(
U I , UJ
)
= gsCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
(
〈W⊗
UI
(z1, z¯1)W⊗U¯J (z2, z¯2)〉+ 〈W⊗UI (z1, z¯1)W⊗UJ (z2, z¯2)〉
)
Aα
(
T I , U¯J
)
+Aα
(
T I , UJ
)
= gsCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
(
〈W⊗
T I
(z1, z¯1)W⊗U¯J (z2, z¯2)〉+ 〈W⊗T I (z1, z¯1)W⊗UJ (z2, z¯2)〉
)
+ (T ↔ U) .
(4.36)
Details on the vertex operators construction on RP2 are reported in the Section (3.1).
Aα(T I , T¯ J)
The first set of scattering amplitudes, for the pair (T, T¯ ) massless Kähler moduli in the picture (-1,-1;
0,0) start with
Aα(T I , T¯ J) =g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
〈W⊗
TI (−1,−1)
(E1, k1, z1, z¯1)W⊗
T¯J (0,0)
(E2, k2, z2, z¯2)〉 =
4∑
i=1
Λi (4.37)
where the different Λi’s sub-amplitudes are associated to the form of vertex operators, as one can see
in Section (3.1). Each Λ’s sub-amplitude behaves as a single disk scattering amplitude. As an example
we have for Λ1
Λ1 = −
2g2cCRP2
α′(T I − T¯ I)(T J − T¯ J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: Ψ˜Ie−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂ZJ +
α′
2
(
k2ψ
)
ΨJ
)
eik2X(z2)
(
i∂¯ ¯˜ZJ +
α′
2
(
k2ψ¯
) ¯˜ΨJ)eik2X¯(z¯2) :〉
= − 2g
2
cCRP2
α′(T I − T¯ I)(T J − T¯ J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: e−φ(z1)e−φ¯(z¯1) :〉
(
M(1)
Λ1
+M(2)
Λ1
+M(3)
Λ1
+M(4)
Λ1
)
(4.38)
where again M(j)
Λi
’s with (i, j = 1, 2, 3, 4) are the different contraction terms that one meets in each
Λi’s sub-amplitude, among which for instance we have
M(1)
Λ1
= 〈: Ψ˜Ieik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂ZJeik2X(z2)i∂¯ ¯˜ZJeik2X¯(z¯2) :〉 . (4.39)
TheM(j)
Λi
’s can be calculated using the two-point functions (2.30) 26 for the uncompactified fields and
the two-point functions for the compactified fields (3.32), (3.33), (3.40) and (3.41).
The calculation of M(j)
Λi
’s is equal to the disk case, a part the difference due to the involution I(z) =
−1/z¯ that characterizes the projective plane. As for the disk cases the list of all Λ’s sub-amplitudes
and the details on their M’s terms are in Appendix A.7 of ref. [63]. Summing the Λ’s sub-amplitudes
having the same Koba-Nielsen factor one gets
Λ1 + Λ4 = −
2g2cCRP2
α′(T I−T¯ I)(T J−T¯ J)
∫
|z|≤1
d2z1d
2z2
VCKG
(
(1 + |z1|2)(1 + |z2|2)
|1 + z1z¯2|2
)−α′s( |z1 − z2|2
|1 + z1z¯2|2
)−α′ t
4
(
α′ RIαRJα
(1 + |z1|2)2(1 + |z2|2)2
+
α′2s RIαRJα
(1 + |z1|2)2(1 + |z2|2)2
− α
′2s δI,J
(1 + |z1|2)(1 + |z2|2)|z2 − z1|2
)
(4.40)
26 Where in (2.30) one has to reinsert the reflection matrix R on the two points correlation function which involves left
and right field.
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Λ2 + Λ3 = −
2g2cCRP2
α′(T I−T¯ I)(T J−T¯ J)
∫
|z|≤1
d2z1d
2z2
VCKG
(
(1 + |z1|2)(1 + |z2|2)
|1 + z1z¯2|2
)−α′s( |z1 − z2|2
|1 + z1z¯2|2
)−α′ u
4
(
α′RIαRJα
(1 + |z1|2)2(1 + |z2|2)2
+
α′2s RIαRJα
(1 + |z1|2)2(1 + |z2|2)2
− α
′2s δI,J(RIa)2
(1 + |z1|2)(1 + |z2|2)|1 + z1z¯2|2
)
.
(4.41)
The vertices, using the SU(2) symmetry can be fixed at
z1 = 0; z¯1 = 0; z2 = iy; z¯2 = −iy (4.42)
and inserting in (4.40) and (4.41) the c-ghost contribution (from (2.32)), one finds 27
Λ1 + Λ4 = −
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
∫ 1
0
dy2(1 + y2)−α
′s(y2)−α
′ t
4
{
(1 + α′s)RIαRJα
(1 + y2)2
− α
′s δI,J
(1 + y2)y2
}
Λ2 + Λ3 = −
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
∫ 1
0
dy2(1 + y2)−α
′s(y2)−α
′ u
4
{
(1 + α′s)RIαRJα
(1 + y2)2
− α
′s δI,J
(1 + y2)
}
.
(4.43)
Based on the definition of the 2F1 hypergeometric function (2.44) in (4.52), one obtains
Λ1 + Λ4 = −
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
{
R
I
αR
J
α
(1+α′s)2F1(α′s+2,−α′t/4+1;−α′t/4+2;−1)
(−α′t/4+1)
− δI,J α
′s2F1(α′s+1,−α′t/4;−α′t/4+1;−1)
(−α′t/4)
}
Λ2+Λ3 = −
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
{
R
I
αR
J
α
(1+α′s
)
2F1(α
′s+2,−α′u/4+1;−α′u/4+2;−1)
(−α′u+1)
− δI,J α
′s2F1(α′s+1,−α′u/4+1;−α′u/4+2;−1)
(−α′u/4+1)
}
(4.44)
where, using the identity (2.46), one is able to combine the apparently different 2F1 hypergeometric
functions, as for instance
2F1(α
′s+2,−α′u/4+1;−α′u/4+2;−1) =− (−α
′u/4+1)
(−α′t/4+1) 2F1(α
′s+2,−α′t/4+1;−α′t/4+2;−1)
+
Γ(−α′t/4+1)Γ(−α′u/4+2)
Γ(α′s+2)
(4.45)
together with the Γ function properties allows one to sum all the Λi’s in a final compact result
Aα(T I , T¯ J) = −
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
(
−α′u
4
)(
−α′ t
4
R
I
αR
J
α − α′s δI,J
)
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4+1) .
(4.46)
We separately consider the diagonal and off-diagonal cases. Performing the expansion of Γ as in (4.11),
we get
• I = J
2g2cCRP2
(T I−T¯ I)2
(
α′2
u2
16
) Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4+1) =
Aα(T I , T¯ I) =
2g2cCRP2
(T I−T¯ I)2
{
u
t
+ α′2
u2
16
(−ζ(2) +O(α′)) )} (4.47)
27 (RIa)
2 = 1
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• I 6= J
− 2g
2
cCRP2R
I
αR
J
α
(T I−T¯ I)(T J−T¯ J)
(α′2 ut
16
) Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4+1) =
Aα(T I , T¯ J) = −
2g2cCRP2R
I
αR
J
α
(T I−T¯ I)(T J−T¯ J)
{
1 + α′2
ut
16
(−ζ(2) +O(α′))} . (4.48)
Aα(T I , T J)
The second amplitude in this set involving the pair (T I , T J) massless Kähler moduli in the picture
(-1-1; 00) reads
Aα(T I , T J ) =g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
〈W⊗
TI (−1,−1)
(E1, k1, z1, z¯1)W⊗
TJ (0,0)
(E2, k2, z2, z¯2)〉 =
4∑
i=1
Λi (4.49)
where each Λ’s sub-amplitude admits the same representation as before, i.e behaves like a single disk
amplitude. We have for instance
Λ1 =
2g2cCRP2
α′(T I − T¯ I)(T J − T¯ J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: Ψ˜Ie−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂Z˜J +
α′
2
(
k2ψ
)
Ψ˜J
)
eik2X(z2)
(
i∂¯Z¯J +
α′
2
(
k2ψ¯
)
Ψ¯J
)
eik2X¯(z¯2) :〉
=
2g2cCRP2
α′(T I − T¯ I)(T J − T¯ J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: e−φ(z1)e−φ¯(z¯1) :〉
(
M(1)
Λ1
+M(2)
Λ1
+M(3)
Λ1
+M(4)
Λ1
)
(4.50)
with M(1)
Λ1
given by
〈: Ψ˜Ieik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂Z˜Jeik2X(z2)i∂¯Z¯Jeik2X¯(z¯2) :〉 . (4.51)
We collect all the Λ’s sub-amplitudes andM’s terms in Appendix A.7 of the ref. [63]. SU(2) invariance
allows one to fix the vertex operators at (4.42) and with the specific c-ghost correlator given in (2.41),
(4.50) becomes
Λ1 + Λ4 =
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
∫ 1
0
dy2 (1 + y2)−α
′s(y2)−α
′ t
4
{
(1 + α′s)RIαRJα
(1 + y2)2
− α
′s δI,J
(1 + y2)
}
Λ2 + Λ3 =
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
∫ 1
0
dy2 (1 + y2)−α
′s(y2)−α
′ u
4
{
(1 + α′s)RIαRJα
(1 + y2)2
− α
′s δI,J
(1 + y2)y2
}
.
(4.52)
In terms of the integral definition of Hypergeometric functions 2F1 (see eq. (2.44)) they can be
represented by the expressions
Λ1 +Λ4 =
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
{
R
I
αR
J
α
(1+α′s) 2F1(α′s+2,−α′t/4+1;−α′t/4+2;−1)
(−α′t/4+1)
− δI,J α
′s 2F1(α′s+1,−α′t/4;−α′t/4+1;−1)
(−α′t/4 + 1)
}
Λ2+Λ3 =
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
{
R
I
αR
J
α
(1+α′s
)
2F1(α
′s+2,−α′u/4+1;−α′u/4+2;−1)
(−α′u+1)
− δI,J α
′s 2F1(α′s+1,−α′u/4+1;−α′u/4+2;−1)
(−α′u/4)
}
(4.53)
that together with the identity for the Hypergeometric functions such as (4.45), the Λ’s sub-amplitudes
can be combined to give
2g2cCRP2
(T I−T¯ I)(T J−T¯ J)
{
R
I
αR
J
α
(α′s+1)Γ(−α′t/4+1)Γ(−α′u/4+2)
(−α′u/4+1)Γ(α′s+2) − δI,J
(α′s)Γ(−α′t/4 + 1)Γ(−α′u/4+1)
(−α′u/4)Γ(α′s+1)
}
(4.54)
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yielding the final result
Aα
(
T I , T J
)
=
2g2cCRP2
(T I − T¯ I)(T J − T¯ J)
{
R
I
αR
J
α α
′2 t u
16
+ δI,J α
′2 s t
4
}
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4 + 1) . (4.55)
For the diagonal and off-diagonal case, one finds
• I = J
2g2cCD2
(T I − T¯ I)2
(
−α′2 t
2
16
)
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4 + 1)
Aα
(
T I , T I
)
= − 2g
2
cCRP2
(T I − T¯ I)2
{
t
u
+ α′2
t2
16
(−ζ(2) +O(α′))}
(4.56)
• I 6= J
2g2cCD2
(T I − T¯ I)(T J − T¯ J)
(
α′2
tu
16
)
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4 + 1)
Aα
(
T I , T J
)
=
2g2cCRP2R
I
αR
J
α
(T I − T¯ I)(T J − T¯ J)
{
1 + α′2
t u
16
(−ζ(2) +O(α′))} .
(4.57)
In order to take the string scattering amplitude involving two NS-NS Kähler moduli T I2 , as in the disk
D2 cases, one needs to consider the following redefinition of the vertex
W⊗
T I2 (q,q¯)
(E, z, z¯, k) =
i
2
(
W⊗
T I(q,q¯)
(E, z, z¯, k) −W⊗
T¯ I(q,q¯)
(E, z, z¯, k)
)
(4.58)
and the corresponding string scattering amplitude results for both the cases I = J and I 6= J , come
from the following linear combination
Aα(T I2 , T J2 ) =
1
4
(Aα (T¯ I , T J)−Aα (T I , T J)−Aα (T¯ I , T¯ J)+Aα (T I , T¯ J)) (4.59)
• I = J
Aα(T I2 , T I2 ) =
g2cCRP2
(T I − T¯ I)2
{
u
t
+
t
u
+
α′2
16
(
u2 + t2
) (−ζ(2) +O(α′))}
(4.60)
• I 6= J
Aα(T I2 , T J2 ) = −
2g2cCRP2R
I
αR
J
α
(T I − T¯ I)(T J − T¯ J)
{
1 + α′2
t u
16
(−ζ(2) +O(α′))} (4.61)
where on Ω9-planes α = 9 and R
I
9 = +1, while on Ω5I -planes α = 5I one has R
I
5I
= +1 and RJ5I = −1.
As expected, only closed string pole channels are allowed. Moreover the results of eq. (4.60) and (4.60)
tell us that the contribution of RP2 does not spoil the structure of the Kähler potential (3.9) but
confirms it.
4.5 ARP2α
(
U I , U¯J
)
and ARP2α
(
U I , UJ
)
The second set of amplitudes in (4.36) involves two massless complex structures U where again the
scattering amplitudes is taken in the picture (−1,−1; 0, 0) and the specific vertex operators can be
found in Section (3.1).
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Aα(U I , U¯J)
The scattering amplitude for the pair (U I , U¯J ) is
Aα(U I , U¯J) =g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
〈W⊗
UI(−1,−1)(E1, k1, z1, z¯1)W⊗U¯J(0,0)(E2, k2, z2, z¯2)〉 =
4∑
i=1
Λi
(4.62)
where one finds, for instance, for the Λ1 sub-amplitude
Λ1 =−
2g2cCRP2
α′(U I − U¯ I)(UJ − U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: ΨIe−φeik1X(z1)Ψ¯Ie−φ¯eik1X(z¯1) :
:
(
i∂Z˜J +
α′
2
(
k2ψ
)
Ψ˜J
)
eik2X(z2)
(
i∂¯ ¯˜ZJ +
α′
2
(
k2ψ¯
) ¯˜ΨJ)eik2X¯(z¯2) :〉
=− 2g
2
cCRP2
α′(U I − U¯ I)(UJ − U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: e−φ(z1)e−φ¯(z¯1) :〉
(
M(1)
Λ1
+M(2)
Λ1
+M(3)
Λ1
+M(4)
Λ1
)
(4.63)
and correlators as M(1)
Λ1
〈: ΨIeik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂Z˜Jeik2X(z2)i∂¯ ¯˜ZJeik2X¯(z¯2) :〉 (4.64)
can be calculated using (2.30), (3.32), (3.33), (3.40) and (3.41). The details, together with the others
Λ’s and the corresponding MΛ correlators are reported Appendix A.7 of the ref. [63]. As for the T T¯
case, one takes the sum of Λi’s sub-amplitudes having the same Koba-Nielsen factor, obtaining
Λ1 + Λ4 =−
2g2cCRP2
(U I−U¯ I)(UJ−U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
(
(1 + |z1|2)(1 + |z2|2)
|1 + z1z¯2|2
)−α′s( |z1 − z2|2
|1 + z1z¯2|2
)−α′ t
4
(
− α
′s (RIα)2δI,J
(1 + |z1|2)(1 + |z2|2)|1 + z1z¯2|2
− α
′s δI,J
(1 + |z1|2)(1 + |z2|2)|z1 − z2|2
)
Λ2 + Λ3 =−
2g2cCRP2
(U I − U¯ I)(UJ − U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
(
(1 + |z1|2)(1 + |z2|2)
|1 + z1z¯2|2
)−α′
2
s
2
( |z1 − z2|2
|1 + z1z¯2|2
)−α′ u
4
(
− α
′s δI,J
(1 + |z1|2)(1 + |z2|2)|z1 − z2|2
− α
′s (RIα)2δI,J
(1 + |z1|2)(1 + |z2|2)|1 + z1z¯2|2
)
.
(4.65)
As always the positions of vertices are fixed at (4.42) using the SU(2) symmetry. In this way the Λi’s
sub-amplitudes with the right insertion of c-ghost determinant (2.41) read
Λ1 + Λ4 =−
2g2cCRP2 δI,J
(U I − U¯ I)(UJ − U¯J)(α
′s)
∫ 1
0
dy2(1 + y2)−α
′s(y2)−α
′ t
4
{
− 1
(1 + y2)
− 1
(1 + y2)y2
}
Λ2 + Λ3 =−
2g2cCRP2 δI,J
(U I−U¯ I)(UJ−U¯J)(α
′s)
∫ 1
0
dy2 (1 + y2)−α
′s(y2)−α
′u/4
{
− 1
(1 + y2)y2
− 1
(1 + y2)
}
(4.66)
and using (2.44) for the integral definition of 2F1 function one can write
Λ1 + Λ4 =−
2g2cCRP2 δI,J
(U I − U¯ I)(UJ − U¯J)(α
′s)
{
− 2F1(α
′s+1,−α′t/4+1;−α′t/4+2;−1)
(−α′t/4+1)
− 2F1(α
′s+1,−α′t/4;−α′t/4+1;−1)
(−α′t/4)
}
Λ2 + Λ3 =−
2g2cCRP2 δI,J
(U I−U¯ I)(UJ−U¯J)(α
′s)
{
− 2F1(α
′s+1,−α′u/4;−α′u/4+1;−1)
(−α′u/4)
− 2F1(α
′s+1,−α′u/4+1;−α′u/4+2;−1)
(−α′u/4+1)
}
.
(4.67)
34
With these results, summing all the Λi using the 2F1-identity (2.46), the final expression is
Aα(U I , U¯J ) =
2g2cCRP2 δI,J
(U I−U¯ I)(UJ−U¯J) (α
′s)
(
− α′ t
4
− α′u
4
)
Γ(−α′t/4)Γ(−α′u/4)
Γ(−α′t/4− α′u/4+1) (4.68)
with α ∈ {9, 5I}. For the diagonal and off-diagonal case one thus find
• I = J
Aα(U I , U¯ I) =
2g2cCRP2
(U I−U¯ I)2
{
t
u
+
u
t
+ 2 + α′2s2
(−ζ(2) +O(α′))} (4.69)
• I 6= J
Aα(U I , U¯J) = 0 . (4.70)
Aα(U I , UJ)
In this second set of amplitudes that involves the complex structures moduli U , the second amplitude,
associated to the pair (U I , UJ) is
Aα(U I , UJ) = g2sCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
〈W⊗
UI (−1,−1)(E1, k1, z1, z¯1)W⊗U¯J (0,0)(E2, k2, z2, z¯2)〉 =
4∑
i=1
Λi .
(4.71)
Since the intermediates steps are equal to that of the (U I , U¯J) case, here we give only an example of
one type of Λ’s sub-amplitudes and of M’s contraction terms, i.e.
Λ1 =
2g2cCRP2
α′(U I − U¯ I)(UJ − U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: ΨIe−φeik1X(z1)Ψ¯Ie−φ¯eik1X(z¯1) :
:
(
i∂ZJ +
α′
2
(
k2ψ
)
ΨJ
)
eik2X(z2)
(
i∂¯Z¯J +
α′
2
(
k2ψ¯
)
Ψ¯J
)
eik2X¯(z¯2) :〉
=
2g2cCRP2
α′(U I − U¯ I)(UJ − U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: e−φ(z1)e−φ¯(z¯1) :〉
(
M(1)
Λ1
+M(2)
Λ1
+M(3)
Λ1
+M(4)
Λ1
)
(4.72)
and
M(1)
Λ1
= 〈: ΨIeik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂ZJeik2X(z2)i∂¯Z¯Jeik2X¯(z¯2) :〉 (4.73)
In contrast to the previous case, all theM’s terms inside the Λ’s sub-amplitudes vanish being equal to
zero some two-point functions in (3.32), (3.33), (3.40) as well as (3.41). See Appendix A.7 of ref. [63]
for details. Therefore the result of this amplitudes with α ∈ {9, 5I} in both cases I = J and I 6= J
vanishes
Aα
(
U I , UJ
)
= 0 . (4.74)
The results (4.69), (4.70) and (4.74) confirm that the Kähler potential maintains its tree-level form
(3.9).
4.6 ARP2α
(
T I , U¯J
)
and ARP2α
(
T I , UJ
)
The last set of amplitudes in (4.36) involves one Kähler modulus T I and one complex structure modulus
U I . As before, the specific vertex operators are taken in the picture (−1 − 1; 00) and are explicitly
written in Section (3.1). We anticipate that this amplitude, as in the disk case, vanishes due to the
particular combination of two-point functions for the compactified fields that are involved. Nevertheless
for completeness we sketch here just a few the intermediate steps. For the full details of the calculation
the reader can have a look at ref. [63].
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Aα(T I , U¯J)
The first amplitude that we consider is
Aα(T I , U¯J) =g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
〈W⊗
T I (−1,−1)(E1, k1, z1, z¯1)W⊗U¯J (0,0)(E2, k2, z2, z¯2)〉 =
4∑
i=1
Λi
(4.75)
where one find, for instance, for the sub-amplitude Λ1 the expression
Λ1 =
2g2cCRP2
α′(T I − T¯ I)(UJ − U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: Ψ˜Ie−φeik1X(z1)Ψ¯Ie−φ¯eik1X¯(z¯1) :
:
(
i∂Z˜J +
α′
2
(
k2ψ
)
Ψ˜J
)
eik2X(z2)
(
i∂¯ ¯˜ZJ +
α′
2
(
k2ψ¯
) ¯˜ΨJ)eik2X¯(z¯2) :〉
=
2g2cCRP2
α′(T I − T¯ I)(UJ − U¯J)
∫
|z|≤1
d2z1d
2z2
VCKG
〈: e−φ(z1) :: e−φ¯(z¯1) :〉
(
M(1)
Λ1
+M(2)
Λ1
+M(3)
Λ1
+M(4)
Λ1
)
(4.76)
while for M(1)Λ1 one has
〈: Ψ˜Ieik1X(z1)Ψ¯Ieik1X¯(z¯1) :: i∂Z˜Jeik2X(z2)i∂¯ ¯˜ZJeik2X¯(z¯2) :〉 . (4.77)
Considering the correlators for the uncompactified fields (2.30) and (3.32), (3.33), (3.40), (3.41) for
the compactified fields, one is able to calculate all the M(i)Λ ’s terms inside the Λ’s and their explicit
expression can be found in Appendix A.7 of ref. [63]. The final result, as anticipated, is zero
Aα(T I , U¯J) = 0 (T ↔ U) (4.78)
for I = J and I 6= J with α ∈ {9, 5I}, as in (4.33).
Aα(T I , UJ)
In view of these results one might suspect that also the second amplitude in this set vanishes. Indeed,
one can verify that the scattering amplitude for the pair (T,U), namely
Aα(T I , UJ ) = g2cCRP2
∫
|z|≤1
d2z1d
2z2
VCKG
〈W⊗
T I(−1,−1)(E1, k1, z1, z¯1)W⊗UJ (0,0)(E2, k2, z2, z¯2)〉 =
4∑
i=1
Λi
(4.79)
with α ∈ {9, 5I} gives, for the same reason said before, a vanishing result for both the case I = J and
I 6= J (see Appendix A.7 of ref. [63]).
Aα(T I , UJ) = 0 (T ↔ U) . (4.80)
The conclusion of this section is that direct string scattering amplitudes calculations prove that the form
of the tree-level Kähler potential (3.9) as well as the associated tree-level Kähler metric components
needed to write down the kinetic terms for the closed untwisted moduli in the LEEA of the Type IIB
orientifold on T6/Z2×Z2 (and mutatis mutandis for all the models that have a similar moduli space),
is confirmed.
5 Adding α′2R2 to LEEA
In this section we want to discuss which kind of terms can be produced if, at the α′2-order in the
high derivative expansion of the LEEA, R2 terms like the contraction of two Ricci tensors RλσR
λσ,
of Riemann tensors RλσαβR
λσαβ and the square of scalar curvature R2 are included. In particular,
the question we want to answer is whether this kinds of terms are reproduced by the string scattering
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amplitudes considered in this paper.28In gs-expansion at sphere level, terms of this type are absent in
the action of Type II theories, Heterotic theories and in Type I theory due to the S-duality relation
that rely the last two [59, 60, 30].29 Terms like R2 can be added to the tree-level actions for D-branes
and Ω-planes, because they are supported by S-duality relation [60]. More precisely, terms of the
form C e−ΦR2 in the gs-expansion correspond to a tree-level string scattering amplitude on the disk
or projective plane that, under S-duality, are mapped to a sphere tree-level terms C ′ e−2ΦR2 allowed
in Heterotic gs-expansion [60, 31, 35, 36].
Therefore the Dirac-Born-Infeld (DBI) actions for the D-branes and Ω-planes at α′2-order read [60,
31, 35, 36, 32]
S(DP ,ΩP )DBI = α′2τ(DP ,ΩP )
∫
dP+1ξ e−Φ
√−g
{
aRλσαβR
λσαβ + bRσβR
σβ + cR2 · · ·
}
(5.1)
where ξβ are the (intrinsic) D-brane and Ω-plane worldvolume coordinates, gαβ is the pull-back of
the ten-dimensional metric gMN to the worldvolume, gαβ = ∂αX
M (ξ)∂βX
N (ξ)gMN with indices α, β
labelling the directions tangent to the D-brane and Ω-plane and finally τ is a constant which includes
the tension of D-brane and Ω-plane, respectively, plus other constants. The DBI actions of eq. (5.1),
are all in static gauge, in the sense that the worldvolume coordinates ξβ coincide with the string
coordinate XM in the p+1-directions. Not all the terms in (5.1) are the pull-back to the worldvolume
of the corresponding bulk terms. Only the (Riemann)2-term is. As explained in [31], at linearised level
around flat space, the vanishing (in the vacuum) of bulk Ricci tensor gives on D-brane and Ω-plane
three independent equations
RLMLN = 0 with L ∈ {λ = 0, . . . , p; l = p+1, . . . , 9}
Rlµlν = −Rλµλν ≡ Rµν ; Rlµln = −Rλµλn ≡ Rµn ; Rlmln = −Rλmλn ≡ Rmn .
(5.2)
In order to build (Ricci)2 terms for D-brane and Ω-plane action, one can use only the three linear
independent Ricci tensors Rµν , Rµn, Rmn. The scalar curvature R can be obtained from Rµν and Rmn
appropriately contracting indices. The dots in (5.1) mean that other terms with tensor components
along the orthogonal directions to the worldvolume (for the D-brane case only) can enter in general the
action [60, 31, 35, 36, 32]. However, we concentrate our discussion only on the tangent part (5.1). In
order to find the right combination in (5.1) among Rλµαν , Rµν and R, one can start by first expanding
the terms in (5.1) using the linearized approximation for which, the spacetime metric is expanded
as gµν = ηµν + hˆµν with ηµν the Minkowsky metric and hˆµν the fluctuation around the Minkowsky
metric, i.e. the graviton field. After that, one need to match the terms up to two graviton fields hˆhˆ
with the results of the string scattering amplitudes of eqs. (2.23) and (2.49) specialized to the case of
two gravitons (i.e. Eµν = hµν) emitted and absorbed form DP -brane and ΩP -plane.
30 Recalling that
gµν = ηµν − hˆµν + o(h2) [61], expanding up to terms with four derivatives and two gravitons hˆ gives
for (Riemann)2
aRλσαβR
λσαβ = a gλµR
µ
σαβg
σǫgαρgβγRλǫργ
∣∣∣
hˆhˆ
=
a
4
{
∂α∂σhˆβλ − ∂α∂λhˆσβ − ∂β∂σhˆαλ + ∂β∂λhˆσα
}
·{
∂α∂σhˆβλ + ∂α∂βhˆσλ − ∂α∂λhˆσβ − ∂β∂σhˆαλ − ∂β∂αhˆσλ + ∂β∂λhˆσα
}
(5.3)
for (Ricci)2
bRσβR
σβ = bRλσλβg
σρgβµRγργµ
∣∣∣
hˆhˆ
=
b
4
{
∂χ∂σhˆβχ + ∂
χ∂βhˆσχ − ∂χ∂χhˆσβ
}{
∂γ∂
σhˆβγ + ∂γ∂
βhˆσγ
− ∂γ∂γ hˆσβ
}
(5.4)
28 By R2 we generically mean combinations of Riemann, Ricci and scalar curvature that one can construct at this order.
29 In Heterotic case, certain specific dilaton couplings are absent.
30 hˆµν = kdhµν with kd the d-dimensional physical gravitational coupling.
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and for (R)2
cR2 = c (gµνRµν)(g
αβRαβ)
∣∣∣
hˆhˆ
= c ∂µ∂ν hˆµν∂
α∂βhˆαβ (5.5)
where symmetry properties and tracelessness of hˆ have been used. Performing in (5.1) also the expan-
sion of
√−g = √−η(1 + o(Tr(hˆ)) and integrating by parts the terms (5.3) and (5.4), one obtains (up
to total derivative terms)
aRλσαβR
λσαβ + bRσβR
σβ + cR2
∣∣∣
hˆhˆ
=
(
a+
b
4
)
∂α∂α∂
σ∂σhˆβλhˆ
βλ +
(
2a+
b
2
)
∂α∂α∂
βhˆβλ∂σhˆ
σλ
+
(
a+
b
2
+ c
)
∂β∂λhˆβλ∂σ∂αhˆ
σα .
(5.6)
Symmetrising and transforming to momentum space, one gets
aRλσαβR
λσαβ + bRσβR
σβ + cR2
∣∣∣
hˆhˆ
=
(
a
2
+
b
8
) (
k
‖ 2
1
)2
Tr(hˆ1hˆ2) +
(
a+
b
4
) (
k
‖ 2
1
)
k
‖
2hˆ1hˆ2k
‖
1
+
(
a
2
+
b
4
+
c
2
)
k
‖
2hˆ1k
‖
2k
‖
1hˆ2k
‖
1 + (1↔ 2) .
(5.7)
On the other hand the results of scattering amplitudes (2.23) and (2.49) specialised to the two gravitons
(i.e. Eµν = hµν) case, using the transversality (ki · hi)ν = 0, the condition on the trace Tr(h) = 0 and
the reflection matrix equal to Rµν = ηµν (i.e. only NN directions of the D-brane and Ω-plane) are
∓α′2 τζ(2)
{
1
2
Tr(h1h2)
(
k
‖ 2
1
)2
+
(
k
‖ 2
1
)
k
‖
1h2h1k
‖
2 + (1↔ 2)
}
(5.8)
with ∓τ equal to −g2cCD2 or g2cCRP2/2 for disk and projective plane respectively and where k
‖ 2
1 = −s
is used (see Appendix (A.1)). The cases with D9-brane and Ω9-plane lead to amplitudes that vanish
on-shell. Thus in order to match the terms one should use, for instance, the helicity formalism in
ten-dimensions [62]. The cases with DP -brane and ΩP -plane where P < 9 have no problems since
in general k‖ 2 6= 0. The first two terms in (5.7) are those that the scattering of two gravitons (5.8)
reproduce, while the third term k
‖
2hˆ1k
‖
2k
‖
1hˆ2k
‖
1 as explained in [61], could produces negative norm
states in the theory unless new ghost fields are included. In this case one has to find a solution for the
coefficients in (5.7) that cancel this unwanted term. Matching (5.7) with (5.8) one is able to fix only
two coefficients. We chose solve for a and c, finding
a = 1− b
4
; c = −1− b
4
. (5.9)
Inserting these values in (5.1), the combination between Rλµαν , Rµν and R is equal to
S(DP ,ΩP )DBI = α′2τ(DP ,ΩP )
∫
dP+1X e−Φ
√−g
{
RλσαβR
λσαβ −R2 − b
4
(
RλσαβR
λσαβ − 4RσβRσβ +R2
) · · ·}
(5.10)
the term multiplied by b/4 is Gauss-Bonnet-type and the coefficient b is unfixed using scattering
amplitude of two gravitons, but it could be fixed by the calculation of string scattering amplitude of
three gravitons.31 Setting for instance b = −4 one can find again the result reported in [31, 35, 36, 32]32.
This analysis is valid in a general d-dimensional spacetime, but if one consider the compactification
to a d = 4 spacetime of an higher-dimensional theory, extra terms will appear from the dimensional
reduction of the action (5.10).
The Type IIB orientifold on T6/Z2 × Z2 considered in Section 3, is characterised by the presence of
one set of D9-branes on top of Ω9-plane and three sets of D5-branes on top of Ω5-planes. In order to
compactify to d = 4 the starting model in ten-dimensions, the set of D9-branes on top of Ω9-plane
31 The Gauss-Bonnet term in four-dimensions, as the worldvolume of a D3-brane and Ω3-plane, is a purely topological
term.
32 In [31, 35, 36, 32] we think that they chose to fix c = 0 from the beginning, thus in this way a and b are uniquely fixed
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have to wrap the full internal T6-torus, while each set of D5I -branes on top of Ω5I -plane have to wrap
one T2I -torus respectively, with I = 1, 2, 3. In Type IIB orientifold on T
6/Z2 × Z2, the action of each
element of Z2 × Z2 works as if it was a single Z2 that leaves invariant one of T2I tori while flips the
others T2J 6=I tori. Since we are focused on the moduli of the untwisted sector, and in particular on
the geometric moduli which parametrised the T2I torus which the θI orbifold element leaves invariant
respectively, one can approximate locally the internal manifold by
θIT
6 → T2I ×
(T2J ×T2K)
Z2
∼ T2I ×K3 . (5.11)
The resulting LEEA at the α′-order can be found in [33],33 setting to zero the open string moduli
(Wilson lines)34. In this way the LEEA of the Type IIB orientifold on T6/Z2 × Z2 can be interpreted
as a superposition of three copies of the Type I on T2×K3 model35 [53]. For simplicity we consider the
set of D9-branes, Ω9-plane and one set of set of D5-branes, Ω5-plane. We add to the α
′-order action in
[33, 53] the α′2-order terms that arising from the compactification of (5.10) on T2×K3 and match these
with the results coming from the scattering amplitudes involving untwisted moduli in Section 4 at the
α′2-order. The compactification process can be deal with in two steps, first we go from ten-dimensions
to six-dimensions using the K3, then we go from six-dimensions to four-dimensions using the T
2. Only
the set of D9-branes, Ω9-plane is subject to the K3 compactification
36 , while the T2 compactification
involves all the sets of D-branes and Ω-planes. In the first step the bulk metric factorises as g
(6)
µν ×G(4)K3 ,
with g
(6)
µν the six-dimensional worldvolume metric and G(4)K3
the K3-metric. Using the static gauge for
the DBI-actions, one has the same splitting for the worldvolume metric of the D9-branes and Ω9-plane.
The equation (5.10) specialised to the D9-branes, Ω9-plane case on g
(6)
µν ×G(4)K3 reads
S(D9 ,Ω9)DBI =α′2τ(D9,Ω9)
∫
d6X e−Φ6
√
−g(6)ν2
{[
RλσαβR
λσαβ −R2 − b
4
(
RλσαβR
λσαβ − 4RσβRσβ +R2
)] (
g(6)
)
+R2
(
g(6), G(4)
K3
)
+R2
(
G(4)
K3
)
· · ·
}
(5.12)
where in the round brackets we have specified the metric dependences of the R2 terms, ν is the K3
volume modulus and Φ6 the dilaton in six-dimensions which is related to the ten-dimensional dilaton
as exp(−2Φ6) = exp(−2Φ10)ν4 [53]. From eq. (5.12) we consider only the R2
(
g(6)
)
since we are
interested neither on the scattering of K3 moduli (which can be thought as the blowing-up of the
untwisted moduli of T6/Z2×Z2) nor on the scattering of mixed K3 moduli with the T 2 moduli. Then,
the compactification of T2 of the R2
(
g(6)
)
in (5.12) and of (5.10) specialised to D5-branes and Ω5-
plane, with the splitting of the worldvolume metric g(6) = g
(4)
µν ×G(2)mn where g(4)µν is the four dimensional
worldvolume metric and G
(2)
mn is the T
2 torus metric (3.12), are
S(D9,Ω9)DBI + S(D5,Ω5)DBI = α′2
{
τ(D9,Ω9)
∫
d4X e−Φ4ν2 + τ(D5,Ω5)
∫
d4X e−Φ4ν−2
}(√
G(2)
) 1
2
√
−g(4)
{
R
2
(
g(4)
)
+R2
(
G(2)
)
+
[
RLQABR
LQAB −R2 − b
4
(
RLQABR
LQAB − 4RQBRQB +R2
)](
g(4), G(2)
)
+· · ·
}
.
(5.13)
In eq. (5.13) Φ4 is the four-dimensional dilaton linked to the six-dimensional dilaton by exp(−2Φ4) =
exp(−2Φ6)
√
G(2). Moreover, theR2
(
g(4)
)
+R2
(
G(2)
)
contains only contractions between worldvolume
indices ({µ, ν}) orT2-torus indices ({m,n}), respectively, while the terms in the square bracket contains
all the possible contractions with mixed indices, L = {λ, l}. The terms that we want to compare with
the string scattering amplitudes of Section 4 can be extracted from the square bracket terms of (5.13).
33 Adding in [33] the DBI-action for the ΩP -planes also.
34 Up to now the modifications of axion dilaton and kähler moduli definitions due to the presence of open string moduli
are not considered [53, 33].
35 The Type I on T2 × K3 model has one set of D9-branes on top of Ω9-plane and one set of D5-branes on top of
Ω5-plane, and has N = 2 supersymmetry in four- dimensions
36 Up to a redefinition of the six-dimensional dilaton for the D5-branes, Ω5-plane.
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The mixed contractions of indices are in turn, for (Riemann)2
RLQABR
LQAB = GlnR
n
σαβg
σǫgαρgβγRlǫργ + gλµR
µ
σαbg
σǫgαρGbhRλǫρh +GlnR
n
σαbg
σǫgαρGbhRlǫρh
+ gλµR
µ
σaβg
σǫGaqgβγRλǫqγ +GlnR
n
σaβg
σǫGaqgβγRlǫqγ + gλµR
µ
σabg
σǫGaqGbhRλǫqh
+GlnR
n
σabg
σǫGaqGbhRlǫqh + gλµR
µ
rαβG
regαρgβγRλeργ +GlnR
n
rαβG
regαρgβγRleργ
+ gλµR
µ
rαbG
regαρGbhRλeρh +GlnR
n
rαbG
regαρGbhRleρh + gλµR
µ
raβG
reGaqgβγRλeqγ
+GlnR
n
raβG
reGaqgβγRleqγ + gλµR
λ
rabG
reGaqGbhRλeqh
(5.14)
for (Ricci)2
RQBR
QB = Rλσλβg
σρgβγRsρsγ +R
l
σlβg
σρgβγRχρχγ +R
l
σlβg
σρgβγRsρsγ +R
λ
σλbg
σρGbhRχρχh
+Rλσλbg
σρGbhRsρsh +R
l
σlbg
σρGbhRχρχh +R
l
σlbg
σρGbhRsρsh +R
λ
qλβG
qpgβγRχpχγ
+RλqλbG
qpgβγRspsγ +R
l
qlβG
qpgβγRχpχγ +R
l
qlβG
qpgβγRspsγ +R
λ
qλbG
qpGbhRχpχh
+RλqλbG
qpGbhRspsh +R
l
qlbG
qpGbhRχpχh
(5.15)
and for (R)2
R2 = GqbRλqλbg
ργRχρχγ + g
σβRλσλβg
ργRsρsγ +G
qbRlqlbg
ργRχρχγ + g
σβRlσlβg
ργRχρχγ
+GqbRλqλbg
ργRsρsγ + g
σβRlσlβg
ργRsρsγ +G
qbRlqlbg
ργRsρsγ + g
σβRλσλβG
phRχpχh
+GqbRλqλbG
phRχpχh + g
σβRλσλβG
phRspsh +G
qbRλqλbG
phRspsh + g
σβRlσlβG
phRχpχh
+GqbRlqlbG
phRχpχh ++g
σβRlσlβG
phRspsh .
(5.16)
Using two-point string scattering amplitudes for the untwisted moduli computed in Section 4, we ca
extract from (5.14), (5.15) and (5.16) terms which involve four derivatives and two untwisted moduli
using the linearised approximation for the spacetime (worldvolume) metric gµν = ηµν+O(hˆµν), recalling
that no mixed components of the metric g˜µn are present.
37 With these approximations, several terms
in (5.14), (5.15) and (5.16) are zero due to the vanishing of some the Christoffel symbols. For instance,
one finds
Γlǫρ =
1
2
Gld (∂ǫg˜ρd + ∂ρg˜ǫd − ∂dgǫρ) = 0 . (5.17)
The non vanishing terms in (5.14), (5.15) and (5.16) that can contain terms starting with four deriva-
tives and two untwisted moduli have the expression (after integration by parts)
RLQABR
LQAB 7→ (∂σ∂αGbl)GbhGle (∂σ∂αGhe)
RQBR
QB 7→ 1
4
(∂σ∂αGbl)G
bhGle (∂σ∂αGhe) +
1
4
Gqb (∂σ∂αGqb)G
ph (∂σ∂αGph)
R2 7→ Gqb (∂σ∂αGqb)Gph (∂σ∂αGph) .
(5.18)
From the above equations one can verify that the terms in the round brackets in the second line of
(5.13), they cancel each other at this order, leaving the b coefficient still undetermined. The α′2-order
terms that can be read off from the scattering amplitudes of untwisted moduli (geometric moduli) in
Section 4 are as follows. For two Kähler moduli T (or better, for the imaginary part of T , i.e. T2) one
gets, using eqs. (4.20), (4.21), (4.60) and (4.61)
Aa/α(T I2 , T I2 ) = −
α′2Cζ(2)
(T I − T¯ I)2
(
u2 + t2
)
; Aa/α(T
I
2 , T
J
2 ) =
α′2Cζ(2)RIa/αR
J
a/α
(T I − T¯ I)(T J − T¯ J) tu . (5.19)
For two complex structure U using eqs. (4.27), (4.28), (4.31), (4.69), (4.70) and (4.74), one finds
Aa/α(U I , U¯ I) = −
α′2Cζ(2)
(U I−U¯ I)2 s
2 ; Aa/α(U I , U¯J) = 0 ; Aa/α(U I , UJ ) = Aa/α(U I , U I) = 0 (5.20)
37 These g˜µn components are related to the graviphoton that we are set to zero.
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and finally, for one Kähler modulus T and one complex structure U recalling eqs. (4.33), (4.35), (4.78),
(4.80), one has
Aa/α(T I , U¯J) = Aa/α(T I , U¯ I) = 0 ; Aa/α(T I , U I) = Aa/α(T I , U I) = 0 (5.21)
with a and α labelling the D-brane and Ω-plane respectively, and C a constant. At this point, to make
more clear the match between the string scattering amplitudes in Section 4 and the non vanishing
combination in the LEEA (5.13) [
RLQABR
LQAB −R2] (g(4), G(2)) (5.22)
we proceed as follows. In order to capture the scattering for the imaginary (T2) part of the Kähler
modulus T , we recall that one needs to construct the vertex operator (4.18). Using this vertex operator
definition, the scattering amplitude for the utwisted moduli T I2 is given by the eq. (4.19) which gives
as results eq. (5.19). On the same line, we can build the vertex operators for the real (U1) and the
imaginary (U2) part of the complex structure U , that are
WUI1 (q,q¯)(E, z, z¯, k) =
1
2
(
WUI(q,q¯)(E, z, z¯, k) +WU¯I(q,q¯)(E, z, z¯, k)
)
WUI2 (q,q¯)(E, z, z¯, k) = −
i
2
(
WUI(q,q¯)(E, z, z¯, k) −WU¯I(q,q¯)(E, z, z¯, k)
)
.
(5.23)
The resulting expressions for the scattering amplitudes of the real U1 and the imaginary U2 part of
the complex structure moduli U , using eq. (5.23) respectively, are given by
Aa/α(U I1 , UJ1 ) =
1
4
(Aa/α (U¯ I , UJ)+Aa/α (U I , UJ)+Aa/α (U¯ I , U¯J)+Aa/α (U I , U¯J))
Aa/α(U I2 , UJ2 ) =
1
4
(Aa/α (U¯ I , UJ)−Aa/α (U I , UJ)−Aa/α (U¯ I , U¯J)+Aa/α (U I , U¯J)) . (5.24)
With the help of equations (5.20) one can verify that in eq. (5.24) the only non vanishing contributions
are those with I = J
Aa/α(U I1 , U I1 ) = −
α′2Cζ(2)
2(U I−U¯ I)2 s
2 ; Aa/α(U I2 , U I2 ) = −
α′2Cζ(2)
2(U I−U¯ I)2 s
2 . (5.25)
The above equation means that there is no mixing between real (immaginary) U I1 (U
I
2 ) moduli coming
from different T 2I tori. Moreover, using eq.(5.20) one can verify that there is no mixing between the real
U1 and the imaginary U2 part of the complex structure U because the associated scattering amplitude
vanishing both for I = J and I 6= J
Aa/α(U I1 , UJ2 ) = 0. (5.26)
As well as using eqs.(4.18),(5.23) and (5.21) tell us that even at α′2-order there is no mixing between
the Kähler modulus T (i.e. T2) and the complex structure U owing by the vanishing of the amplitudes
still both for I = J and I 6= J
Aa/α(T I2 , UJ1 ) = 0 ; Aa/α(T I2 , UJ2 ) = 0 . (5.27)
The string scattering amplitude results (5.19), (5.25), (5.26) and (5.27) are in agreement with the non
vanishing α′2 term (5.22) in eq.(5.13). The expression of eq.(5.22) exploiting (5.18), is
RLQABR
LQAB −R2 7→ (∂σ∂αGbl)GbhGle (∂σ∂αGhe)−Gqb (∂σ∂αGqb)Gph (∂σ∂αGph)
=
(
∂σ∂α
(
GI
)
bl
)(
GI
)bh(
GI
)le(
∂σ∂α
(
GI
)
he
)−1
2
(
GI
)qb(
∂σ∂α
(
GI
)
qb
)(
GJ
)ph(
∂σ∂α
(
GJ
)
ph
)
+(I↔J)
(5.28)
with GI the metric of the T2I -torus (3.12). We point out that terms in (5.19) with I 6= J can be
reproduced only by the scalar curvature squared R2 term. Terms with I 6= J would be reproduced
also from (Riemann)2 term which involves metric tensors mutually contracted. But since we are deal
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with a metric of the T6-torus that factorises (T6 =
⊗3
I=1T
2
I), there is no mixing between different
T 2I tori. So there are no contributions from (Riemann)
2 term when I 6= J . At this point, we consider
only the terms with two derivatives acting on the same modulus ϕ ∈ {T2, U1, U2}. The expression for
the derivatives of the metric components GI are
∂σ∂α
(
G[2I+1][2I+1]
) ∣∣∣∣
∂∂ϕ
=
(
∂σ∂αT
I
2
U I2
− T
I
2 ∂σ∂αU
I
2
(U I2 )
2
)
∂σ∂α
(
G[2I+1][2I+2]
) ∣∣∣∣
∂∂ϕ
=
(
U I1 ∂σ∂αT
I
2
U I2
+
T I2 ∂σ∂αU
I
1
U I2
− T
I
2U
I
1 ∂σ∂αU
I
2
(U I2 )
2
)
∂σ∂α
(
G[2I+2][2I+2]
) ∣∣∣∣
∂∂ϕ
=
(
|U I |2∂σ∂αT I2
U I2
+
2T I2U
I
1 ∂σ∂αU
I
1
U I2
+
T I2
(
(U I2 )
2 − (U I1 )2
)
∂σ∂αU
I
2
(U I2 )
2
)
.
(5.29)
Using the above expressions (5.29) in (5.28), one can verify that the non vanishing terms are
(
T I2 , T
I
2
)
: −(∂σ∂αT
I
2 )(∂
σ∂αT I2 )
(T I − T¯ I)2 ;
(
T I2 , T
J
2
)
:
(∂σ∂αT
I
2 )(∂
σ∂αT J2 )
(T I − T¯ I)(T J − T¯ J)(
U I1 , U
I
1
)
: −(∂σ∂αU
I
1 )(∂
σ∂αU I1 )
(U I − U¯ I)2 ;
(
U I2 , U
I
2
)
: −(∂σ∂αU
I
2 )(∂
σ∂αU I2 )
(U I − U¯ I)2
(5.30)
while all the other combinations are zero. The terms in eq. (5.30) exhibit the same moduli dependencies
of the scattering amplitudes results (5.19), (5.25), (5.26) and (5.27), aside constant factors.
6 Conclusion
In this work we have perturbatively analyzed the LEEA for Type IIB orientifold models using informa-
tion from string scattering calculation. We have focused our attention on tree-level string scattering
amplitudes involving only closed string as external states on the disk D2 and projective-plane RP2
worldsheet. Indeed, in the study of unoriented model, the simultaneous presence of extended objects
like DP -branes and ΩP -planes, under specific conditions, make the given theory well define. Two-point
closed sting scattering amplitudes are the object of interest because they are the first non vanishing
contribution on both worldsheet. In fact, only on the projective-plane the one-point function is non
zero owing to the properties of its CKG SU(2). In this paper we have summarized in a pedagogical way
historical two-point disk [27, 28, 29, 32] and projective-plane [32] calculations. In these calculations
only NS-NS external states are considered because we are interested on higher derivative curvature
corrections to LEEA of DP -branes and ΩP -planes, i.e. on α
′2-order (curvature)2 terms. This was
done by “matching” the expression string scattering amplitude involving two-gravitons with the most
general linear combination of (curvature)2 terms that the Dirac-Born-Infeld action of DP -branes and
ΩP -planes can contain at this order
S(DP ,ΩP )DBI = α′2τ(DP ,ΩP )
∫
dP+1χ e−Φ
√−g
{
aRλσαβR
λσαβ + bRσβR
σβ + cR2 . . .
}
. (6.1)
We have proved that “matching” implies for the free parameters in the previous equation the values
displayed in eq.(5.9) which yield
S(DP ,ΩP )DBI = α′2τ(DP ,ΩP )
∫
dP+1X e−Φ
√−g
{
RλσαβR
λσαβ −R2 − b
4
(
RλσαβR
λσαβ − 4RσβRσβ +R2
)
. . .
}
.
(6.2)
At this stage the b parameter remain unfixed. But it would be fixed by compiuting the two-point string
scattering amplitudes with two-gravitinos as external states and matching with the supersymmetric
extension of the expression (6.1). Alternatively one can resort to the much more complicated the
three-point string scattering amplitude with three-gravitons although.
We have then focused our analysis on a specific Type IIB orientifold model, i.e. Type IIB orientifold
on T6/Z2 × Z2 since we wanted to extend the two-point disk calculation with untwisted moduli made
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in [50] to the case where also the projective-plane contribution is considered. In order to prepare the
reader to the new developments concerning the case of the projective plane, we have for completeness
reviewed the disk case [50], giving in Section 3.1 some space to the techniques aimed at the construction
of vertex operators for the untwisted moduli and to the two-point correlators for the D2 disk as well
as RP2 real projective plane worldsheets. String scattering amplitudes with two-untwisted moduli are
derived in Section 4. The studying of α′-expansion of these scattering amplitudes is also performed,
and it was found that there are no α′-order corrections at LEEA by projective-plane calculations [34]
confirming the tree-level structure of Kähler potential for the untwisted moduli which then reads
k24 K = − ln
3∏
I=1
(T I − T¯ I)− ln
3∏
I=1
(U I − U¯ I). (6.3)
Finally in Section 5 we compared the α′2-order terms arising from the string scattering amplitudes
derived in Section 4 with the terms emerging from the compactification on T6/Z2 × Z2 of (6.1). We
have checked in this way that the only non-vanishing untwisted moduli contributions are
(
T I2 , T
I
2
)
: −(∂σ∂αT
I
2 )(∂
σ∂αT I2 )
(T I − T¯ I)2 ;
(
T I2 , T
J
2
)
:
(∂σ∂αT
I
2 )(∂
σ∂αT J2 )
(T I − T¯ I)(T J − T¯ J)(
U I1 , U
I
1
)
: −(∂σ∂αU
I
1 )(∂
σ∂αU I1 )
(U I − U¯ I)2 ;
(
U I2 , U
I
2
)
: −(∂σ∂αU
I
2 )(∂
σ∂αU I2 )
(U I − U¯ I)2
(6.4)
in agreement with string scattering amplitude results (5.19), (5.25), (5.26) and (5.27). A similar
analysis will be made for two-point string scattering amplitudes for twisted moduli at the orbifold
point were the CFT is well define. In this framework a careful evaluation of vertex operators and two-
point correlators is required in order to understandwhether some new features could appear. Finally,
we recall that all the details on the calculations can be find in [63].
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A
A.1 Kinematics: Closed strings as open strings
We would like show in this Appendix that a closed string can be described using open strings [27,
28, 29, 32, 50, 49]. This is possible owing to the presence of extended objects like D-branes (oriented
models which contain open string sector) and/or Ω-planes (unoriented models), that project the total
momentum k of the closed string in its parallel k‖ and ortogonal k⊥ components to the extended objects,
respectively. The conservation of the momentum k works only in the parallel direction [37, 50, 27],
because only in the worldvolume of the extended object the Poincaré group is unbroken. Thus one has
kM = (k‖)µ + (k⊥)m =
(
kM
2
+
(R·k)M
2
)‖
+
(
kM
2
− (R·k)
M
2
)⊥ [M ∈ {0, . . ., d};µ ∈ {0, . . ., p}
m ∈ {p+ 1, . . ., d− p}
]
R := RMN =
(
[ηµν ]‖ 0
0 [−δmn]⊥
) [
Neumann direct. : [ηµν ]‖;Dirichlet direct. : [−δmn]⊥] .
(A.1)
From this point of view it seems that the two projection of k can be described by two open-like-string
independent momenta {k/2;Rk/2}. Thus the question that arise is: in which way the closed string
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mass-squared is split between these two open-like-string? We can answer this question by looking at
the mass-shell condition for k which reads
−m2 = k2 = (k‖ + k⊥)2 =
(
k
2
+
R·k
2
)2
‖
+
(
k
2
− R·k
2
)2
⊥
+ 2
(
k
2
+
R·k
2
)
‖
·
(
k
2
− R·k
2
)
⊥
= 2
(
k
2
)2
+ 2
(R·k
2
)2
.
(A.2)
Thinking the mass as a two-component vector, one can split the closed string mass-squared as follows
−→m := −→ma +−→mb =
(
m√
2
0
)
+
(
0
m√
2
)
; −(−→ma +−→mb)2 = 2
(
k
2
)2
+ 2
(R·k
2
)2
. (A.3)
This decomposition allows to define the following components −m2a ≡ −m
2
2 = 2
(
k
2
)2
and −m2b ≡
−m22 = 2
(R·k
2
)2
. We thus see that each open string-like momentum {k/2;Rk/2} brings one half of the
original closed string mass m2. In the case of two massless closed string states, described by {k1, k2}
momenta, one can write
k1 = k
‖
1 + k
⊥
1 =
(
k1
2
+
R·k1
2
)
‖
+
(
k1
2
− R·k1
2
)
⊥
k2 = k
‖
2 + k
⊥
2 =
(
k2
2
+
R·k2
2
)
‖
+
(
k2
2
− R·k2
2
)
⊥
(A.4)
but only the parallel component of each ki is constrained by momentum conservation, thus only this
part enters directly in the construction of the kinematical invariants, giving
2∑
i=1
k
‖
i = k1 +Rk1 + k2 +Rk2 = 0 ; #sij =
(
4
2
)
= 6 [i, j ∈ {1, 1¯, 2, 2¯}; i 6= j; i < j]
s11¯ = −
(
k1
2
+
Rk1
2
)2
= −
(
k1
2
)2
−
(Rk1
2
)2
− k1·Rk1
2
=
m21
4
+
m21
4
− k1·Rk1
2
= −k1·Rk1
2
s12 = −(k1 + k2)2 = −k21 − k22 − 2k1·k2 = m21 +m22 − 2k1·k2 = −2k1·k2
s12¯ = −(k1 +Rk2)2 = −k21 − (Rk2)2 − 2k1·Rk2 = m21 +m22 − 2k1·Rk2 = −2k1·Rk2
s1¯2 = −(Rk1 + k2)2 = −(Rk1)2 − k22 − 2Rk1·k2 = m21 +m22 − 2Rk1·k2 = −2Rk1·k2
s1¯2¯ = −(Rk1 +Rk2)2 = −(Rk1)2 − (Rk2)2 − 2Rk1·Rk2 = m21 +m22 − 2Rk1·Rk2 = −2Rk1·Rk2
s22¯ = −
(
k2
2
+
Rk2
2
)2
= −
(
k2
2
)2
−
(Rk2
2
)2
− k2·Rk2
2
=
m22
4
+
m22
4
− k2·Rk2
2
= −k2·Rk2
2
(A.5)
where all the Rki/2 momentum are now label with i¯. Using the momentum conservation one can
eliminate 2¯, obtaining
#si2¯ =3 linear dependent k.i. [i ∈ {1, 1¯, 2}]
#slh =
(
3
2
)
= 3 linear independent k.i. [l, h ∈ {1, 1¯, 2}; l 6= h; l < h] (A.6)
s12¯ = −(k1+Rk2)2 = −(Rk1+k2)2 ≡ s1¯2 := u ; s1¯2¯ = −(Rk1+Rk2)2 = −(k1+k2)2 ≡ s12 := t
s22¯ = −
(
k2
2
+
Rk2
2
)2
= −
(
k1
2
+
Rk1
2
)2
≡ s11¯ := s .
(A.7)
The on-shellness condition for 2¯ reads
s11¯ + s12 + s1¯2 ≡ s+
u
4
+
t
4
= 0 (A.8)
where s is the open string channel, while both t and u are closed string channels.
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